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These are lecture notes for the course Commutative Algebra and Algebraic Geometry,
held in Stockholm in Fall 2022. These notes cover the part of the course dealing with
commutative algebra. They are a self-contained introduction to the subject, following

the textbook Introduction to Commutative Algebra by Atiyah and Macdonald.

The supplementary material at the end of these notes rounds out some parts of the

theory that are either not mentioned in the textbook or used out of sequence.

Each section of these notes corresponds to two lectures in the course. We start with

the definition of a ring and end with Hilbert’s Nullstellensatz.



1 Rings

Commutative algebra studies commutative rings, which we just call rings from now on.
The subject provides a theoretical common ground for algebraic geometry and algebraic
number theory. The typical example of a ring in algebraic geometry is the polynomial
ring K|[t1,...,t,] in finitely many variables over a field K, while the typical example in
number theory is the ring of integers Z.

Commutative rings often appear in other subjects, too. In differential geometry for
instance, every manifold X has its ring of smooth functions C*°(X,R), and projective
modules over this ring correspond precisely to vector bundles on X.

X ok X

A ring is a set A together with two binary operations + and - such that
(A, +) is an abelian group,

o zy =yx for all x,y € A,

o (zy)z =x(yz) and z(y + z) = zy + x=z for all z,y,z € A,

e there exists 1 € A such that 1x = z for all x € A.

Remark. If 1 =0 then = 0 for all z € A. Thus A is the zero ring {0}.

A ring homomorphism is a map of rings f : A — B such that
e f is a homomorphism of abelian groups,

o flzy) = f(z)f(y) for all 7,y € A,
e f(1)=1.
A subset S C A is a subring of A if S is closed under +,- and 1 € S. The identity
map S — A is then a ring homomorphism.
If f: A— B and g: B — C are ring homomorphisms then so is g o f.

Ideals and quotient rings

An ideal a of a ring A is an additive subgroup a C A such that Aa C a.
If a C A is an ideal, then we can form the quotient group A/a, which comes with its
structure group homomorphism p : A — A/a sending x € A to its equivalence class [x].
There is a unique binary operation - on A/a that makes A/a into a ring and p into a
ring homomorphism.

Proposition 1.1. The map {Ideals of A/a} — {Ideals of A that contain a} defined by
b+ p~1(b) is an order-preserving bijection.

Proof. The map defines an order-preserving bijection

{Additive subgroups of A/a} — {Additive subgroups of A that contain a}

whose inverse is given by b +— p(b). It remains to show that both the map and its inverse
send ideals to ideals. The former is true because p is a ring homomorphism. The latter,
because p is surjective. ]



If f: A— B is a ring homomorphism then ker(f) C A is an ideal, im(f) C B is a
subring, and f induces a ring isomorphism A/ ker(f) ~ im(f).

There’s a one-to-one correspondence between ring homomorphisms f : A/a — B and
ring homomorphisms f : A — B satisfying a C ker(f), given by the rule f([z]) = f(z).

Zero divisors, nilpotent elements, and units

A zero divisor of a ring A is an element x € A such that xy = 0 for some y € A\ {0}.

An integral domain is a nonzero ring with no zero divisors # 0.

An element x € A is nilpotent if " = 0 for some n > 0.

An element x € A is a unit if xy = 1 for some y € A. If such a y exists it is unique
and is written 2!. The units in A form an abelian group (4%, ).

For x € A, the set (z) := {ax | a € A} is an ideal. Such ideals are called principal.
The element z is a unit if and only if (z) = A.

A field is a ring A # 0 where A* = A\ {0}. Every field is an integral domain.

Proposition 1.2. Let A # 0 be a ring. The following are equivalent:
(1) Ais a field,;
(2) the only ideals in A are (0) and (1);
(3) every ring homomorphism f of A into a ring B # 0 is injective.

Proof. (1) = (2). Let a be an ideal, let  # 0 in a. Since x is a unit, A = (z) C a.

) = (3). The kernel ker(f) is an ideal which cannot be (1), so it equals (0).

(3) = (1). Let z € A. If (x) # A then A/(x) # 0, thus the structure morphism
A — A/(z) is injective, hence its kernel (z) equals (0), so z = 0. O

Prime ideals and maximal ideals

An ideal p C A is prime if p # A and for all z,y € A, if zy € pthen z € p or y € p.
An ideal m C A is mazimal if m # A and there is no ideal a such that m C a C A.
Equivalently,

e p is prime < A/p is an integral domain,
e m is maximal < A/m is a field. (By Prop. 1.1 and 1.2).

A maximal ideal is prime. A ring A is an integral domain if and only if (0) is prime.
Theorem 1.3. Every ring A # 0 has a maximal ideal.
Proof. Recall Zorn’s lemma:

Let S be a nonempty partially ordered set such that every totally ordered
subset T' C S has an upper bound in S. Then S has a maximal element.

Apply this to the set S of all ideals # A in A, ordered by inclusion. This set is nonempty
because (0) € S. If T'C S is totally ordered then |JT is an ideal # A, so |JT € S is an
upper bound for T'. Hence S has a maximal element. O

Corollary 1.4. If a # A is an ideal of A, there exists a maximal ideal of A containing a.



Proof. Apply Thm. 1.3 to A/a and use Prop. 1.1. O

Corollary 1.5. Every non-unit x of A is contained in a maximal ideal.

Proof. We have (z) # A. Now apply Cor. 1.4. O
A local ring is a ring A with exactly one maximal ideal m. Its residue field is A/m.

Proposition 1.6. Let A be a ring and m C A an ideal. If every x € A\ m is a unit, then
A is a local ring and m its maximal ideal.

Proof. If a # A is an ideal, then a C A\ A* C m, so m is the only maximal ideal. O

The nilradical

Proposition 1.7. The set nil(A) of all nilpotent elements in a ring A is an ideal, and
A/ nil(A) has no nilpotent element # 0.

Proof. Let x,y € nil(A) and a € A. Then 2™ = y™ = 0 for some n,m > 0. We have
(az)™ =0, so ax € nil(A), and

.
(@+y)™ =Y (m . n) 2"yt =0,

r+s=m-+n

since if r + s = m +n then r > m or s > n. Hence = + y € nil(A4).
Let € A such that its image Z in A/ nil(A) is nilpotent. Then Z" = 0 for some n > 0,
so 2™ € nil(A). Hence 0 = (2)™ = 2"t™ for some m > 0, so z € nil(A) and z =0. [

The ideal nil(A) is the nilradical of A.

Lemma 1.8. Let f: A — B be a ring homomorphism and p C B a prime ideal. Then
p¢ = f~1(p) is a prime ideal.

Proof. We have p¢ # (1) since p # (1) and p¢ = ker(A — B/p), so A/p¢ is isomorphic
to a subring of B/p, which is an integral domain. O

Lemma 1.9. Let A be aring, f € A, and Ay := A[t]/(tf —1). Then Ay =0 if and only
if f is nilpotent.

Proof. For “<”, the image of f under A — Ay is nilpotent and a unit, thus A; = 0.
For “=”,if Ay = 0 then —1 € (tf — 1) in A[t]. Thus there exists a polynomial

g(t) = ap + a1t + ... + ant™ such that tfg(t) — g(t) + 1 = 0. By comparing coefficients,

we find ag =1, a1 = f, ..., ap, = f", fa, =0, s0 f € nil(A). O

Proposition 1.10. Let N be the intersection of all prime ideals of A. Then nil(A) = N.

Proof. If f € A and p is prime, f™ =0 implies f € p since 0 € p. Hence nil(4) C N.
Next, if f ¢ nil(A), then Ay # 0. Let m C A; be a maximal ideal and p = s~(m),

where s : A — Ay is the natural homomorphism. Then s(f) & m since s(f) is a unit. So

f & p. Since p is prime, f & N. O



Operations on ideals

The intersection (;c; a; of any family (a;);cr of ideals is an ideal. Thus for any subset
E C A the set (E) := (1,55 a, where a runs over all ideals containing F, is an ideal, the
tdeal generated by E. 1t is the smallest ideal containing £. We have

(E) = AE = {Zaixi |n€eNya € Ax; € E}

i=1

If £ ={xy,...,z,} is finite, we write (F) = (z1,...,2Zp).

If (a;)icr is a family of ideals, their sum .. a; is the ideal generated by |J;c; a;. If
I={1,...,n} is finite, the sum is a; +-- -+ a, = {z1+ ... + 2, | 7; € 0;}.

For I finite, the product a; - - - a,, is the ideal generated by all products z1 - - - x,, with
x; € a;. In particular a” is defined for any ideal a and n > 0, where a° = (1).

If a4+ b= (1), the ideals a and b are called coprime.

Let Aq,..., A, be rings. Their direct product

n

A=A ={(1,...,2n) | i € A5}
=1
is a ring with componentwise addition and multiplication, and 1 = (1,...,1). It comes

with ring homomorphisms (‘projections’) p; : A — A; with p;(z) = z;.
Proposition 1.11. Let A be a ring and a4, ..., a, C A ideals. Define the homomorphism
n
p: A= ](A)a)
i=1

by applying the structure morphisms A — A/a; componentwise.
(1) If a4, a; are coprime for all i # j, then [[, a; =), as.

(2) ¢ is surjective if and only if a;, a; are coprime for all i # j.

(3) ¢ is injective if and only if (), a; = 0.

Proof. (1) We have [[, a; €[, a;. For “2”, use induction on n.
Let n =2 and by € ay, by € ay with by + by = 1. Let a € a1 Nas. Then

a= (bl + bg)a = bia + baa € aqas.

Now let n > 2 and b = Hi>1 a;. For i > 1, let a; € a1, b; € a; with a; + b; = 1.
Then 1 = (ag + b2) -+ (an + by) € ag + ba - - by, thus a; + b = (1). Hence,

ﬂai:alﬂﬂai:alﬂb:albznai.

i>1 i>1 i>1
(2) For “=7,let i # j. Let v € A with x =1 (mod a;) and x =0 (mod a;). Then

Il=1-2z+z€a+aj;.



For “<”, note that each y € [[, A/a; can be written as y = > ;| p(a;)e; for some
ai,...,a, € A, where ¢; := (51'3‘)?:1 € [[, A/a;. So, it suffices to show that all the
e; have a preimage x. Let ¢ € {1,...,n}. For all j # 4, let a; € a;, b; € b; with
aj+bj =1 Then 1 =]],,;(a; +b;), so x =[], ,; b; does the job.

(3) This follows since ker(y¢) =, a;. O

Proposition 1.12. Let pi,...,p, be prime ideals, let a be an ideal with a C [J;", p;.
Then a C p; for some 1.

Proof. Use induction on n. For n = 1 the statement is true. For n > 1, suppose a & p;
for all 7. Then for all 4 and all j # 7 we have a € p;. By the inductive assumption,
for all ¢ we have a € Uj# p;. So for all i there exists x; € a such that for all j # ¢
we have x; € p;. If for any particular ¢ we have x; € p; then we are done, since we
found an element x; € a '\ U?:l p;. Thus we may assume that z; € p; for all . Now let
Y=y, [1; %;. Then y € a and for all i we have y =[], ,;z; # 0 (mod p;). Thus
for all ¢ we have y & p;. So a Z [JI"; pi. O

Proposition 1.13. Let aj,...,a, be ideals and let p be a prime ideal with p D (), a;.
Then p D a; for some i. If p = (I a;, then p = a; for some i.

Proof. We have p D (i, a; 2 [[;*; a;. Assume there exists z; € a; \ p for all . Then
[Ti-, =i € p because p is prime. So p 2 |J;_; a;. For the second statement, let p O a; for
some i. Then a; D (. a; =p 2 a;, s0 p = a;. O

If a,b C A are ideals, the ideal quotient of a by b is the ideal
(a:b):={xecA|zbCa}.

In particular, (0 : b) is the annihilator ann(b) of b.
The radical of an ideal a C A is

Vva=rad(a) =r(a) = {z € A| 2" € a for some n > 0}.

It is the inverse image of nil(A/a) under the structure homomorphism A — A/a, hence
an ideal by Proposition 1.7.

Proposition 1.14. (1) a C r(a)
(2) r(r(a)) = r(a)
3) r(ab) =r(anb)=r(a)Nr(b)
1) r(a) = (1) & a = (1)
5) r(a+b) =r(r(a) + r(b))
6) if p is prime then r(p™) = p for all n > 0.

<

o R R R

Proof. Exercise. O
Proposition 1.15. We have rad a = (| p, where p runs through the prime ideals D a.

Proof. Apply Prop. 1.10 to A/a. O



Extension and contraction

Let f: A — B be a ring homomorphism, a C A and b C B ideals. The extension of a
is a® := Bf(a). It is an ideal of B while f(a) is not. We have a prime #- a® prime.
The contraction of b is b° := f~1(b). It is an ideal of A. We have b prime = b prime.

Exercise 0. Let K be a field and f € K]Jt1,...,t,] be a polynomial in n variables.
Then we can see f as a function K™ — K by sending a point z = (z1,...,x,) to
f(x) = f(x1,...,2,). The vanishing set of fis V(f) :={x € K" | f(z) = 0}.

(1) Let K be infinite. Show that V(f) = K™ if and only if f = 0.

(2) Let K be algebraically closed. Show that V(f) = 0 if and only if f is a unit.

Exercise 1. Let A = K|[t,...,t,], where K is a field, and let x € K™ be a point.
(1) Show that the evaluation map ¢, : A — K defined by ¢, (f) = f(x) is a surjective
ring homomorpism.
2) Let m, := ker(y,). Give a finite set of generators for m,.
3) Show that m, is a maximal ideal of A.
4)
5)

(
(
(4) Let y € K™ be another point. Show that if « # y then m, # m,,.
(5) Let

Ay = {g | frg9€ A, g(x) #0},
seen as a subring of the function field K (¢1,...,t,). Show that A, is a local ring.

Exercise 2. Let K be a field and A := K[t,...,t,]. The variety of a subset E C A is
V(E) ={z e K"| f(z) =0forall f e E}.
(1) Let E2C A be a subset and a the ideal generated by E. Show that
V(E) =V(a) =V(rada).

(2) Show that V((0)) = K™ and V((1)) = 0.

(3) Let (a;)ies be a family of ideals of A. Show that V(3. a;) = ;c; V(as).

(4) Let a,b be ideals of A. Show that V(anb) =V (ab) = V(a) UV (b).

(5) Let a be an ideal of A and x € K™. Show that z € V(a) if and only if m; O a.
Deduce that V(m,) = {z}.

2 Modules

For any ring A we can define the class of A-modules, which can be seen as “linear objects”
over A. Modules are a quite general kind of object. They allow us to consider many
common constructions in algebra on the same footing. For instance, the ideals a C A,
the ring A itself, and the quotient rings A/a are all A-modules, as well as all rings B
which have a ring homomorphism A — B pointing to them.

If A = K is a field, then the class of A-modules coincides with that of K-vector
spaces. If A = Z, then the A-modules are precisely the abelian groups. We will see in



the exercises that if A = K[t1,...,t,], then every A-module can be seen as a family of
K-vector spaces indexed by the elements of K™. This interpretation helps us visualize
modules over polynomial rings, although it does not give a one-to-one correspondence.

X ok Xk

A module over a ring A is an abelian group (M, +) together with a map - : Ax M — M
such that for all a,b € A and x,y € M,
e a(z +y)=azr+ay,

e (a+b)x=ax+ bz,
o (ab)x = a(bx),
o lz =u.

An A-module homomorphism between two A-modules M and N isamap f: M — N
such that for all a € A and x,y € M,
o flz+y)=f(z)+ fy),
e flaz) = af(2).
The composition of two A-module homomorphisms is an A-module homomorphism.

We may turn the set of all A-module homomorphism from M to N into an A-module
by setting, for f,g: M — N,a € A, and x € M,

o (f+9)(x) = flz)+g(x),
o (af)(x) = af(z).
This A-module is denoted by Hom (M, N) or Hom(M, N).
An A-module homomorphism f : N; — Ny induces an A-module homomorphism

fo—:Hom(M,N;) — Hom(M, Na)
by composing with f. A homomorphism g : M7 — Ms induces a homomorphism
—og:Hom(My, N) — Hom(Mi, N)

by pre-composing with g. Thus, the constructions Hom(—, N) and Hom(M, —) can be
applied to modules and to module homomorphisms. This makes them functors.

Examples 2.1. (1) A is an A-module.
(2) If a C A is an ideal, then a and A/a are A-modules.
(3) If f: A — B is a ring homomorphism, then B is an A-module via a - b := f(a)b.
(4) Homa (A, M) ~ M as A-modules via f +— f(1).
(5) MY := Homyu(M, A) # M in general. For instance, Homgz(Z/(2),Z) = 0.

Submodules and quotient modules

Let M be an A-module. A submodule of M is a subgroup M’ C M such that AM’' C M’.
It is an A-module. The quotient group M/M’ is an A-module via alx] = [az]. Tt is



called the quotient of M by M’'. The structure map M — M/M’ is an A-module ho-
momorphism. This map induces a one-to-one order-preserving correspondence between
the submodules of M /M’ and the submodules of M which contain M’.

If f: M — N is an A-module homomorphism, then ker(f) and im(f) are submodules
of M, respectively N. The cokernel coker(f) := N/im(f) is a quotient module of N.

If M' C M is a submodule, then A-module homomorphisms f : M/M’' — N corre-
spond to homomorphisms f : M — N such that M’ C ker(f), via f([z]) == f(x). We

have ker(f) = ker(f)/M’ and im(f) = im(f). Thus, f induces an A-module isomorphism
M/ ker(f) ~im(f).

Operations on submodules

For an A-module M and submodules (M;);cr of M, we can form the sum ), M; and the
intersection ("); M;, both submodules of M. The sum is the smallest submodule of M
which contains all the M;. It consists of all finite sums of the form ), z; with x; € M;.

Proposition 2.2. Let N1, Ny C M C L be A-modules. Then

(L/N)/(M/N) ~ L/M,
(A4i<+-ﬂ4é)/ﬂ4i Diﬂ4é/(ﬂ41f]ﬂ4§)

Proof. Same proof as for abelian groups, once one verifies that the relevant homomor-
phisms are A-module homomorphisms. O

If M is an A-module and a an ideal, the product aM consists of all the finite sums of
the form ) a;x; with a; € a and z; € M. It is a submodule of M.

The annihilator of M is ann(M) = {a € A | aM = 0}. It is an ideal of A. If
a C ann(M) is an ideal, then M can be seen as an A/a-module via [z]m = xm.

If M is an A-module and = € M, then Az := (z) := {ax | a € A} is a submodule. A
family (x;);er of elements x; € M is a set of generators of M if M =>._; Ax;. We say
that M is finitely generated if it has a finite set of generators.

el

Direct sum and product

Let (M;)icr be a family of A-modules. Their direct sum @;.; M; is the set of finite
formal sums of the form », x; for x; € M;. Their direct product [],.; M; is the set
of families (x;);er with z; € M;. Both are A-modules: the latter via componentwise
addition and scalar multiplication, the former by seeing it as the submodule

@Mi = {(z)ier | i = 0 for all but finitely many i} C HMl
el el

Thus, if I is finite then @,.; M; = [[;c; Mi.



Finitely generated modules

An A-module of the form AD) = P, A for some index set I, or one isomorphic to
such, is called free. If I = {1,...,n} is finite we write A for this, and set A° := {0}.

Proposition 2.3. Let I be an index set. An A-module M is generated by a family (x;)er
if and only if M is isomorphic to a quotient of A(),

Proof. If M = )", Axz; then ) . a; — ), a;x; defines a surjective A-module homomor-
phism AD) — M. Conversely, If there is a surjective homomorphism AY) — M then
the images of the elements e; for i € I generate M. O

Remark. Every A-module M has a set of generators: just take M itself. Thus every
module is a quotient of a free module.

Proposition 2.4 (Nakayama's Lemma). Let M be a finitely generated A-module and
a C A an ideal with aM = M. Then there exists b € 1 + a with bM = 0.

Proof. Let (x1,...,x,) generate M and proceed by induction on n. For n = 1, the
statement is true. For n > 1, let N := M /Az,. Then there exists b € 1 +a with bN = 0,
ie. bM C Ax,. Write z,, = Y ;" | a;x; where a; € a. Then bz, = > | a;bz; € az,. So,
let a € a with bx,, = ax,,. Then (b—a)b € 1 +aand (b—a)bM C (b—a)(xz,) =0. O

Proposition 2.5. Let M be a finitely generated A-module and let a C A be an ideal
contained in all maximal ideals of A. Then aM = M implies M = 0.

Proof. Let b € 1 4+ a be as in Prop. 2.4. Then bM = 0. But b is a unit since it is not
contained in a maximal ideal of A (Cor. 1.5). Hence M = 0. O

Corollary 2.6. Let M be a finitely generated A-module, N C M a submodule, a C A an
ideal contained in all maximal ideals of A. Then aM + N = M implies N = M.

Proof. We have a(M/N) = (aM + N)/N. Now apply Nakayama’s Lemma to M/N. [

Let M be an A-module, m C A a maximal ideal, and K = A/m. Then the module
M /mM can be seen as an A/m-module, i.e. a K-vector space.

Proposition 2.7. Let (A, m) be a local ring and K = A/m. Let M a finitely-generated
A-module and z1,...,z, € M such that M/mM is generated by ([z;])]; over K. Then
M is generated by (z;)_; over A.

Proof. Let N =37 | Az;. Then the composite N — M — M /mM is surjective, hence
N +mM = M, hence N = M by Cor. 2.6. O

10



Tensor product of modules

Let M, N,L be A-modules. A map f: M x N — L is A-bilinear if for all x € M and
y € N, the maps f(z,—): N — L and f(—,y): M — L are A-linear.

A module T together with an A-bilinear map g : M x N — T is a tensor product of
M and N if for all A-modules L and A-bilinear maps f : M x N — L there exists a
unique A-linear map f': T — L such that f = f'og.

Proposition 2.8. Let M, N be A-modules. Then there exists a tensor product (7, g) of
M and N. If (T",¢') is another tensor product, then there exists a unique A-module
isomorphism j : T T” such that jog = ¢'.

We thus speak of the tensor product of M and N, and denote it by M ®4 N or M@ N.
We write z ® y for the image of a pair (z,y) under the structure map M x N — M ® N.

Proof. We construct the tensor product T as the quotient module of the free A-module
AMXN) — @(Ly)eMxNAe(I,y) by the submodule R generated by all elements of the
form
Elata’yy) ~ Clay) ~ (')
Clay+y) ~ Ezy) ~ Clay)
€lazy) — AC(z,y)
€(x,ay) — AE(zy)>
with 2,2’ € M,y,y’ € M’',a € A. We then define the structure map as the composition
g: M x N — AMN) T with g(z,y) = [e €(z,y))- It is an A-bilinear map.

Now let f: M x N — L be A-bilinear. An A-linear map f’: T — L is uniquely given
by an A-linear map f : AM*N) 5 [ with R C ker( f) In turn, f is uniquely determined
by its value f( y)) at each basis element e, ,) € AMXN) where (x,y) € M x N. By
the definition of tensor product we are forced to take f (e(zy)) = f(w,y). But since f is
bilinear we have R C ker( f ). Hence, the required f’ exists and is unique.

Finally, let (77, ¢’) be another tensor product. Applying the tensor product property
of T to the bilinear map ¢’ gives a linear map j : T — T such that ¢’ = jog. By
symmetry we get a linear map j' : 77 — T such that g = j o g’. Now = j'0j is a
linear map T — T satisfying g = ¢t o g. So is the identity. Thus ¢ = id and by symmetry,
joj =1id. Thus j is an isomorphism, unique with the property that jog = ¢ O

Remarks. (1) If (z;);c; and (y;)jes are sets of generators of M resp. N, then the
(T @ Yj) i, j)erxs generate M @ N. Indeed, M ® N is generated by the images of
the e(, for xeM,ye N. Writing x = ), a;z; and y = Z bjy;j, we see that

[e(%y)] =rRyYy = (Z a;T;) ® (Z bjy;) = Z aibjr; @ y;.

)

(2) It is tricky to determine whether a specific element of M ® N is zero or not. For
instance, 2 ® 1 is zero in Z ®z Z/2Z but not in 27 ®yz, Z/27.

11



(3) We could construct a ‘multilinear’ tensor product M; ® --- ® M, of A-modules
My, ..., M, by replacing all bilinear maps in the construction of the tensor product
with multilinear ones. But the nested tensor product M; @ (Ma ® (-+- ® My,)--+)
already satisfies the obvious defining property of the ‘multilinear’ tensor product.

Proposition 2.9. Let M, N, L. There exist isomorphisms

M®N = N® M where 2 @y — y ® «,
(M@N)®L = M® (N®L) where (z®09)® 2z 2 ® (y ® 2),
(MeN)RL S (M®L)®(N®L) where (1 +9)@2— 202 +y® 2,
A® M = M where a @ z — az.
Proof. For each of these isomorphisms, check that the right-hand side satisfies the tensor

product property with respect to the A-modules on the left-hand side. The structure
maps that we use on the right-hand side will then give us the concrete isomorphisms. [J

Let A, B be rings. An (A, B)-bimodule N is a (left) A-module, simultaneously a
(right) B-module such that for all a € A, x € N and b € B we have (az)b = a(xb).

Proposition 2.10. Let A, B be rings, M an A-module, L a B-module and N an (A, B)-
bimodule. Then M ®4 N and N ®p L are naturally (A, B)-bimodules, and we have

(M®aN)®pL~M®s(N®plL)
as (A, B)-bimodules.

Proof. Again, check that the B-module on the right-hand side satisfies the tensor product
property for the B-modules on the left-hand side, and that the A-module of the left-hand
side satisfies the tensor product property for the A-modules on the right-hand side. [

Two A-module homomorphisms f : M — M’ and g : N — N’ induce an A-module
homomorphism
fog:M®@N— M N’

such that (f®g)(z ®@y) = f(z)®@9g(y). If f': M — M" and ¢’ : N’ — N" are two
further homomorphisms, then (f' ® ¢')o (f®g) = (f' o f)® (¢’ o g).

Restriction and extension of scalars

Let f: A — B be a ring homomorphism, N a B-module. Then N can be made into an
A-module 4N, the restriction of scalars, via ax = f(a)x for a € A,z € N.

Now let M be an A-module. The A-module B ® 4 M can be made into a B-module
Mp, the extension of scalars, by requiring b(b' @ x) = bb’ @ x for all b,b’ € B and x € M.

Proposition 2.11. (1) If N is a finitely generated B-module and B is finitely generated
as an A-module, then 4N is a finitely generated A-module.
(2) If M is a finitely generated A-module then Mp is a finitely generated B-module.
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Proof. If (y1,...,yn) generates N over B, (by,...,by) generates B over A and (z1,...,ZTpn,)
generates M over A, then (byy; | (i,7) € {1,...,k} x {1,...,n}) generates 4N over A
and (1®x1,...,1 ® x,,) generates Mp over B. O

Algebras

An A-algebra is a ring B together with a ring homomorphism f : A — B. Equivalently,
it is a ring B together with an A-module structure compatible with the ring structure.

An homomorphism between two A-algebras B and C'is a ring homomorphism B — C'
which is compatible with the structure homomorphisms A — B and A — C. Equiva-
lently, it is a ring homomorphism B — C which is also an A-module homomorphism.

An A-algebra f : A — B is finite if B is finitely-generated as an A-module. It is of
finite type if f extends to a surjective A-algebra homomorphism Altq,...,t,] — B for
some n € N. In particular, every finite A-algebra is of finite type.

Example 2.12. Let A C B. Then B is finitely-generated as an A-algebra if and only
if B= Alxy,...,x,] for some z1,...,x, € B. Here, A[z1,...,z,| denotes the smallest
subring of B that contains A and all the x;, equivalently the image of the ring homomor-
phism Alt1,...,t,] — B that sends ¢; to x;. On the other hand, B is finitely-generated
as an A-module if and only if B = Ay; + - - - + Ay,, for some y1,...,ym € B.

Example 2.13. Let K be a field. The K-algebras of finite type are precisely the rings A
such that A ~ K[t1,...,t,]/a for some n € N and some ideal a C KJti,...,t,]. Such a
K-algebra A is finite if and only if it is additionally a finite-dimensional K-vector space.

Tensor product of algebras

Let B, C be A-algebras. The A-module D := B ® 4 C' becomes an A-algebra as follows.
The ring multiplication on D is given by the A-bilinear map D x D — D determined by
the A-linear map D ® D = B® C ® B® C — D, where the last map is determined by
the A-bilinear map B x C' x B x C'— D defined by (b,¢,b', ) — bb' @ ¢¢/. Thus in D,

(b@c) - (Had)=0becd.

This makes D into a ring with identity element 1®1. The ring homomorphism A — D
given by a — a ® 1 =1 ® a makes D into an A-algebra.

Exercise 3. Let M be a module over A := K|[ti,...,t,], K afield. For all x € K", define
M|, == M/my M.

(1) Show that M|, can be made into a K-vector space in two equivalent ways, one
using the inclusion K — A and one using the evaluation morphism ¢, : A — K.

(2) Find n € N, an A-module M, and z,y € K™ such that dim M|, # dim M]|,.

(3) Find n € N and A-modules M % N such that dim M|, = dim N|, for all z € K.
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(4) Define
Supp(M) = {z € K" | M|, # {0}}.

Show that Supp(M) C V(ann(M)).
(5) Now let M be finitely generated. Show that Supp(M) = V(ann(M)).

Exercise 4. In this exercise, you’ll compute examples of tensor products in various ways.
(1) Show that Z/mZ @z Q = 0.
(2) Let K be a field and V, W finite-dimensional K-vector spaces. Show that

dim(V ®@g W) = dim(V) dim(W).
(3) Let K be a field. Show that
Klt1, ...ty @k K[s1,...,8m] ~ K[t1,...,tn,S15- -+, Sm]

as K-algebras.
(4) Let M be an A-module and a C A an ideal. Show that

Ala®@4 M ~ M/aM

as A-modules.
(5) Let M, N be modules over A := K|[ti,...,ky], K afield. Show that for all z € K",

as K-vector spaces.

3 Localizations

Localization of a ring A is an algebraic construction similar to taking quotient rings or
rings of polynomials over A. While the former sets a collection of elements to zero and
the latter adds new elements to the ring, a localization makes a collection of elements
S C A invertible. Here, care has to be taken because S might contain zero divisors,
which may force some elements # 0 in A to become zero in the localization.

Most common are the localization Ay at an element f € A and the localization A,
away from a prime ideal p C A. If A = K|tq,...,t,] for a field K, then the former is
the ring of rational functions defined on the complement D(f) of V(f) C K™, while the
latter is the ring of rational functions defined at least somewhere on V (p).

X X X

A multiplicative subset of a ring A is a subset S C A such that
e l1lesf
o If x,y € S then zy € S.

A localization of A at S is an A-algebra f: A — T such that
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o f(S)C T,
e For all t € T there exist a € A, s € S such that t = f(a)f(s)™};
e For all a € ker(f) there exists s € S such that sa = 0.

Construction 3.1. We construct a localization of A at S, the ring of fractions S™'A.
As aset, ST'A = (A x S)/~, where

(a,s) ~ (b,t) if and only if u(at — bs) = 0 for some u € S.

This is an equivalence relation. If (a,s) € A x S, we write a/s for its image in S~tA. If
(b,t) € A x S is another element, then

b
4 _ 7 if and only if uat = ubs for some u € S.
s

The ring operations are defined as follows:

(a/s) + (b/t) = (at + bs)/(st),
(a/s)(b/t) = (ab)/(st).

These are well-defined, and make S~ A into a ring, with 0 := 0/1 and 1 := 1/1.
The structure morphism A — S~1A is defined by f(z) = x/1.
It can now be checked that S~!A is a localization of A at S.

Proposition 3.2. Let S C A be a multiplicative subset and f : A — T an A-algebra.
If f(S) C T* then there exists a unique A-algebra homomorphism h : S7'A — T. If
additionally f is a localization of A at S, then h is an isomorphism.

Proof. Since (a/s)(s/1) = a/1, we are forced to take h(a/s) = g(a)g(s)~! for all a/s €
S~1A. This is well-defined since if a/s = 0 then ua = 0 for some u € S, thus g(u)g(a) =
0, so g(a) = 0. It can now be verified that h is a ring homomorphism. Surjectivity resp.
injectivity of h are equivalent to the second resp. third property of a localization. ]

Examples 3.3. (1) Let p C A be an ideal. Then p is prime if and only if S := A\ p is
multiplicative. In this case, A, = S~LA is the localization of A at p.
(2) If A is an integral domain, then Frac(A) := A(g) is the fraction field of A.
(3) For example, Frac(Z) = Q and Frac(k[t1,...,tn]) = k(t1,...,tn).
(4) We have S~'A = 0 if and only if 0 € S.
(5) If f € A then S := {f™|n >0} is multiplicative and Ay := S™1A ~ A[t]/(tf —1).
Proposition 3.4. Let A be a ring and S a multiplicative subset. Let a C A, b C S~1A
be ideals. Then:
(1) a¢ ={a/s|a€a,seS}
(a®)¢ ={z € A| sz € a for some s € S}.
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(2) If z € (a®)¢, then x/1 € a®. Thus, /1 = 2//s for some 2’ € a,s € S, so there
exists u € S with usz = uax’ € a. Conversely, if sz € a for some s € S, then
z/1 =sz/s € a®, sox e (a®).

(3) Follows from (2) and the fact that b® = (1) if and only if b = (1).

(4) ) ={b/s|beb’}={b/s|b/leb}=0b. O

Proposition 3.5. There is an order-preserving one-to-one correspondence

{Prime ideals q of S™*A} & {Prime ideals p of A such that pN .S # 0}
given by the mutually inverse maps q — q° and p — p°.

Proof. 1f q is prime, then so is q°. If s € ¢°N S then (1) = (q°)¢ =q, so g° NS = 0.
If p is prime with p NS = ), then (p¢)¢ = p and p® # (1). If (a/s)(b/t) € p°, then
ab/1 € p¢, so ab € (p€)° = p. Hence a/s € p© or b/t € p°. So p€ is prime. O

Corollary 3.6. Let p C A be a prime ideal and f € A an element. Then there are two
order-preserving one-to-one correspondences

{Prime ideals of Ap} RN {Prime ideals q of A such that q C p};
{Prime ideals of A} & {Prime ideals q of A such that f & q}.

In particular, A is a local ring with maximal ideal pA,. O

Localization of modules

Let A be aring, M an A-module, S a multiplicative subset, and f : A — T a localization
of A at S. A localization of M along f is a T-module P together with an A-module
homomorphism ¢ : M — P such that

e For all y € P there exist x € M,s € S such that y = f(s)"lg(x);

e For all z € ker(g) there exists s € S such that sz = 0.

Construction 3.7. We construct a localization of M along f : A — S~!A, the module
of fractions ST M.

The construction is analogous to the one for S~'A, so that S~'M is identified with
the set of fractions {z/s | x € M,s € S}/~, where

- % if and only if utz = usy for some u € S.
s

Addition and scalar multiplication are defined analogously as in S~!A, and the struc-
ture morphism g : M — S~1M is defined by g(x) = /1.

As one can check, S~'M is a localization of M along f.

Proposition 3.8. Let S C A be a multiplicative subset, f : A — S~ A the corresponding
localization, N an S~!A-module, and g : M — N an A-module homomorphism. There
exists a unique S~!A-module homomorphism A : S™'M — N such that ¢ = ho f. If
additionally g is a localization of M along f, then A is an isomorphism.
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Proof. Since (s/1)(z/s) = x/1, we must take h(xz/s) = (1/s)g(x). As in the analo-
gous statement for S™!A, this is well-defined and an isomorphism if and only if ¢ is a
localization along f. O

Proposition 3.9. We have S™'M ~ S~ 'A ®4 M as S~'A-modules.

Proof. We show that S~'M satisfies the universal property of S™'A ®4 M. First, we
have an A-bilinear map o : S™'A x M — S™'M where o(a/s,z) = ax/s. Next, let
7: S 1A x M — N be A-bilinear. We show that there exists a unique A-linear map
f:S8'M — N with foo = 7. We are forced to take f(x/s) := 7(1/s,z), which is
well-defined since if x/s = y/t then utx = usy for some u € S, thus

f(x/s) = m(ut/uts,x) = 7(1/uts, utx) = 7(1/uts, usy) = 7(us/uts,y) = f(y/t).
Since 7 is A-bilinear, f is A-linear. O

Remark. Let M be an A-module and f : A — T any localization. Then we can construct
a localization of M along f, namely the T-module M7 =T ® 4 M. To see that this is a
localization, consider M7 as an S~ A-module using the unique isomorphism S—t4 = T.
Then My ~ S7'A®4 M ~ S™'M as S~ M-modules. Thus My is a localization along
A — S71A, so it is also a localization along f, using the unique isomorphism 7" = S~1A.

Examples 3.10. The module analogues of A, and Ay when S = A\ p or {f"},>0 are
denoted by M, and My, respectively.

If f: M — N is an A-module homomorphism, then we have an S~!'A-module ho-
momorphism S7!f : STIM — STIN defined by S™!f(x/s) = f(x)/s. The assignment
f — S~1f is again a functor, i.e. compatible with identities and composition.

A sequence of A-modules and A-module homomorphisms of the form

s My o I
is exact if ker(fiy+1) = im(f;) for all i. A short exact sequence is an exact sequence
0 M LM M o
It says that f is injective, g surjective, and that M” ~ M /M’ via f and g.
Proposition 3.11. The functor S~! is ezact, i.e. it preserves exact sequences.
Proof. 1t suffices to check that if M’ ERS VNS VU exact, then the induced sequence
ST S gty ST gy

is exact. We have ker(g) = im(f) and have to show ker(S~1g) = im(S~1f).

For ‘2, note that g(f(x))/s =0 for all x € M’.

For ‘C’ let g(y)/s = 0 for some y € M,s € S. Then g(uy) = ug(y) = 0 for some
u € S. Thus uy = f(x) for some xz € M’, so f(x)/us = y/s. Hence y/s € im(S~1f). O
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Corollary 3.12. (1) If f: M — N is injective then so is S~!f : S™'M — S~IN.
(2) If f is surjective then so is S™1f.
(3) If N C M is a submodule, then S~Y(M/N) ~ S~'M/S™IN as A-modules.

Proof. Apply Proposition 3.11 to the exact sequences 0 - M — N, M — N — 0, and
0—N—M — M/N — 0, respectively. O

Proposition 3.13. Let M, N be A-modules. Then
STIM ®g-14 STIN~ S 1 (M@, N)
as S~ A-modules via x/s ® y/t — (x @ y)/st.
Proof. Follow the isomorphisms
STIM@AN)~S T"A®4 (M @4 N)

~(STTA®s M)®a N

~(ST'ARAM)®g-14 (STTA®4 N)

~ S IM ®g14 SN, O
Corollary 3.14. Let p C A be a prime ideal. Then

as Ap-modules. O

Local properties

Proposition 3.15. Let M be an A-module. The following are equivalent:
(1) M =0;
(2) M, =0 for all prime ideals p C A;
(3) My = 0 for all maximal ideals m C A.

Proof. The only nontrivial part is ‘(3) = (1)’. Let x € M \ {0}. Then ann(z) C A. Let
m D ann(z) be a maximal ideal. Then x/1 # 0 in My, since ann(x) C A\ (A\m). O

Proposition 3.16. Let f : M — N be an A-module homomorphism. The following are
equivalent:

(1) f is injective (resp. surjective);

(2) fp is injective (resp. surjective) for all prime ideals p C A;

(3) fm is injective (resp. surjective) for all maximal ideals m C A.

Proof. For all prime ideals p we have ker(f), ~ ker(f,) and coker(f), ~ coker(f,)
because S~! is exact. The statement now follows from Prop. 3.15. 0

Exercise 5. (1) Let A be a ring. Show that the set of units S := A* is a multiplicative
subset and that the structure map A — S~!A is an isomorphism.
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(2)

()

Let A be a ring and S, T' C A multiplicative subsets such that .S C T. Show that
there exists a unique ring homomorphism f : S~'A — T~!A that commutes with
the structure maps. That is, if s: A — S 'A and t : A — T~'A are the structure
maps, then fos==¢.

Now let A be an integral domain and S, T" as in (2), where additionally 0 ¢ T.
Show that the homomorphism f from (2) is injective. Deduce that if A is an
integral domain, then the structure morphism A — S~!A is injective and S~'A
can be regarded as a subring of Frac(A).

Let A= Klt1,...,tn], f € A, and x € K". Show that

U 4y =4,

gEA\my

as subrings of Frac(A), and that if f* = ag for some a,g € A (k > 0) then Ay C Ay,
Let Abearing, f € A, and S = {fk}kzo. Show that

Ap ~ A[t]/(tf —1).

Exercise 6. Recall that if f : A — B is a ring homomorphism and a C A, b C B ideals,
then b¢ is the ideal f~!(b) and a® is the ideal generated by the set f(a) C B.

(1)

(5)

Let A be a ring and M a finitely-generated A-module. Let p C A be a prime ideal.
Show that M, = 0 if and only if there exists f € A\ p such that My = 0.

Let A be aring and S C A a multiplicative subset. Show that nil(S~1A) = nil(A)¢,
where the extension is taken with respect to the structure map A — S~1A.

Let A be a ring. We call A reduced if nil(A) = 0. Show that A is reduced if and
only if Ay is reduced for every prime ideal p C A.

Let A be a ring and p’,p C A prime ideals such that p’ C p. Find a ring B and a
ring homomorphism f : A — B such that q — ¢ gives a bijection

{9 C B | qprime} -5 {q' C A | q prime, p' Cq' C p}.

Let f : M — N be an A-module homomorphism and S C A a multiplicative
subset. Show that ker(S~!f) ~ S~!ker(f) and coker(S~!f) ~ S~! coker(f).

In particular, ker(f,) ~ ker(f), and coker(fy) ~ coker(f), for every prime idealp C A.

4 Primary Decompositions and Noetherian Rings

Primary decompositions generalize decomposition theorems in number theory and alge-
braic geometry. Over A = Z, every element a € Z can be uniquely written a product of
prime powers plf ---pim and these are simpler objects than a because they only have one
prime factor. Over A = K]Jti,...,t,], every variety V(a) C K" over a field K decom-
poses uniquely as a union V3 U --- UV, of irreducible varieties, i.e. varieties that cannot
be decomposed further in this way. These are both examples of decompositions of the
form a = q;N---Nqm, where the ideals q; are primary. In general, such a decomposition
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is not unique, but some features of it are, and this recovers the uniqueness statements
of the previous two examples.

In 1921, Emmy Noether showed that the existence of primary decompositions is always
guaranteed if the ambient ring satisfies a certain finiteness property, which is now called
Noetherian in her honor. Furthermore, David Hilbert showed in 1890 that the class of
Noetherian rings includes all polynomial rings K|ty,...,t,] over a field K, providing
thus the first important link between commutative algebra and algebraic geometry.

When the field K is algebraically closed, the second important link was given again
by Hilbert through his Nullstellensatz in 1893, which in particular provides a one-to-one
correspondence between the varieties in K™ and the radical ideals of K[ty,...,t,].

% kX

e

(1) T(ﬂ)c r(a )

(2) r(a) = (1) if and only if a = (1).

(3) r(anb) =r(a)Nr(b).

(4) ris order preservmg

(5) (i(ai:a) = (M0 :a

(6) (an b) = aC N be.
Proof. All of these follow immediately from the definitions. O
Lemma 4.2. Let S C A be a multiplicative subset and a,b C A ideals. Then for
A— S_lA

(1) r(a?) = (

(2) (aﬂ b)¢ = a®Nbe.

Proof. (1) “C” is clear. For “D”, let (z/s)* = 2//s' where 2’ € a. Then there exists
u € S with us'z? = us*z’ € a, so 2¥/1 € a°, thus x/s € r(a®).

(2) “C” is clear. For “2”, let 2z/s = 2//s’ where x € a and 2’ € b. Then there exists

u € S with us'x = usz’ € b, so x/1 € b, thus z/s € b°. O

Also recall some propositions we have already proven:

Proposition 1.12. Let p1,...,p, be prime ideals, let a be an ideal with a C |J7_; p;.
Then a C p; for some 1.

Proposition 1.13. Let ay,...,a, be ideals and let p be a prime ideal with p O N, a,.
Then p D a; for some 7. If p = (), a;, then p = a; for some 3.

Let A be a ring, q,p C A ideals. Then q is p-primary if
o q7 (1);

e 7(q) = p;

o if xy € qthen x € qor y € p.

Proposition 4.3. Let q,p C A be ideals. If q is p-primary, then p is prime.
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Proof. We have p # (1) since q # (1). If zy € p then 2*y* € q for some k > 0, so either
z € p or y**' € q for some k' > 0, which implies y € p. O

Proposition 4.4. Let ¢ C A be an ideal and m = r(q) maximal. Then ¢ is m-primary.

Proof. We have ¢ C m # (1). Now let zy € q. If y & m then there exists z € A such
that zy = 1 (mod m). But then (zy — 1)* =0 (mod q), so

0=z(zy—1)*=2 (mod q). O
Lemma 4.5. If q1,...,q, are p-primary, then so is q ==, q;.

Proof. We have q # (1) and r(q) = p. Now let zy € q and = ¢ q. Then x ¢ q; for some
i, but then y € p since q; is p-primary. ]

Lemma 4.6. Let q be p-primary, x € A. Then
(1) If z € q then (q:z) = (1).
(2) If x € q then (q: x) is p-primary.
(3) If z & p then (q: x) = q.

Proof. (1) 1z € q.

(2) Ifye(q:z) theny € p,soqC (q:z) Cp. Applying r we get p C r(q: x) C p,
sorad(q: z) = p. Now let yz € (q: ) and suppose z € p. Since xyz € q we have
xy€q,s0y € (q:x).

(3) If y € (q: x) then zy € q,s0 y € q. O

Let a C A be an ideal. A primary decomposition of a is a relation of the form

n
a= ﬂ qi, ¢; is p;-primary for all 4. (%)

i=1
The decomposition (x) is minimal if all the p; are distinct and q; 2 Uj 295 for
all 7. Every primary decomposition can be turned into a minimal one by collecting or
eliminating terms. Thus we will always assume that (%) is minimal when we refer to it.

Theorem 4.7 (Uniqueness 1). Let a C A be an ideal and (*) be a minimal primary de-
composition. If p C A is prime, then p = p; for some i if and only if p = r(a : z) for some
x € A. In particular, the set {p;}!"_; is independent of the choice of decomposition (x).

Proof. First note that for all z € A,

n
r(a:x):rﬂ(qj:a;):r m(qj:a:): ﬂ r(q; : x).
j=1 e, o Zd;
Now for “=7, let p = p;. Since (x) is minimal, there exists € [, q; \ q;. For this z,
we have r(a:z) =r(q; : z) = p.
For “<” let p = r(a: x) for some x € A. Then since p = mxgij r(q; : ), there exists
an ¢ such that p = r(q; : ) = p;. O
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The set Ass(a) := {p;}7_, is the set of primes associated to a. Inclusion-minimal ele-
ments of Ass(a) are called isolated primes and the other elements embedded primes. The
terms q; of a primary decomposition () are then called isolated or embedded components
according to their radicals p;.

Proposition 4.8. Let a C A be an ideal and (%) be a minimal primary decomposition.
If p O a is prime, then there exists an isolated prime p; € Ass(a) such that p D p;.

Proof. We have p D ﬂj pj, so p 2 p; for some p;, which can be chosen minimal. g

Proposition 4.9. Let S C A be a multiplicatively closed subset and ¢ a p-primary ideal.
Then with respect to A — S™1A:
(1) If SNp # 0 then q° = (1).
(2) If SNp =0 then g° is p-primary and ¢ = q.
Proof. (1) If s € SNp then s* € SN q for some k, so 1 € ¢°.
(2) We have q° = {z € A | sz € q for some s € S} = q since s ¢ p. Furthermore,
r(q¢) =r(q)¢ =p°. If (a/s)(b/t) € q° then ab/1 € q°° = q, so q° is p°-primary. O

Proposition 4.10. Let S C A be multiplicatively closed, a C A an ideal, and (*) a
minimal primary decomposition. Then with respect to A — S~1A:

a® = m qgi and a* = ﬂ qi
0 0

SNp;= SNp;=
are both minimal primary decompositions.

Proof. We have a® = (;; qf = [1gny,—g 95 and the g in that intersection are pj-primary.
Since (—)¢ is order-preserving, this is a minimal primary decomposition of a®. Finally,
we get a“ =) Srpi=0 B5° = N Sup;—p 9i and this is a minimal primary decomposition. [

A set 3 C Ass(a) is isolated if for all p € ¥ and p’ € Ass(a), p’ C p implies p’ € 3.

Lemma 4.11. Let ¥ C Ass(a) be isolated and S = A\|J,cyx. p. Then S is multiplicatively
closed and for all p’ € Ass(a),

(1) If p’ € ¥ then p' N S = 0.

(2) If p’ € X then p' N S # 0.

Proof. 1f s,t & p for all p € 3 then neither is st. Thus S is multiplicatively closed. Now,
(1) Holds by definition.

(2) If p’ & X then p’ € p for all p € ¥ because ¥ is isolated, so p’ ¢ Upes b by a

previous proposition, hence p’ NS # (. O

Theorem 4.12 (Uniqueness 2). Let a C A be an ideal, (%) be a minimal primary decom-
position and ¥ C Ass(a) isolated. Then the ideal ﬂpi e G; is independent of the choice
of decomposition (x). In particular, the isolated primary components of a depend only
on a, not on (x).

Proof. Let S = A\U,,cx pi- By Theorem 4.7, S does not depend on (x), and thus neither

does a®® (w.r.t. A — S71A). But a® = (Mp;ex i by Proposition 4.10 and Lemma 4.11.
Finally, {p;} is an isolated set if and only if g; is an isolated component. O
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Noetherian rings

A ring A is Noetherian if for all sequences (a;);en of ideals a; C A with
apCapC---CA,

there exists n € N such that a, = a,, for all m > n. We say that in Noetherian rings,
all ascending chains are stationary.

Proposition 4.13. Let A be a ring. The following are equivalent:
(1) A Noetherian.
(2) Every set of ideals in A has a C-maximal element.

(3) Every ideal in A is finitely generated.

Proof. (1) = (2): If a set of ideals does not have a maximal element, then we can
inductively construct a non-stationary ascending chain.

(2) = (3): Let a be an ideal and consider the set of ideals of the form )" (a;) for
some n € N and a; € a. A maximal element of this set must equal a.

(3) = (1): Given an ascending chain a; C az C -+, the union a = (J;cy @; is an ideal.
But then there must be an a,, that contains all the generators of a. O

Example 4.14. Principal ideal domains are Noetherian. In particular the ring Z is
Noetherian, as well as every field K.

Proposition 4.15. Let A be a ring, a C A an ideal. If A is Noetherian, then so is A/a.
Proof. Ascending chains in A/a correspond to ascending chains in A containing a. [

Proposition 4.16. Let A be Noetherian and let N C M be A-modules. If M is finitely
generated then so is V.

Proof. Let M = ", Az; for some z; € M. Use induction on n. If n = 1 then
M ~ A/ann(zp) and the submodules of M correspond to the ideals of A/ann(z;). If
n>1,let N’ := N/(N N Ax,). This is a submodule of M/Ax,,, which is generated by
n — 1 elements. Thus N” is finitely generated. Similarly, N’ := N N Ax,, is a submodule
of Ax,, thus finitely generated. Since N = N’ +p~}(N") and p: N — N" is surjective,
N is also finitely generated. O

Remark. The final part of the above proof can be adapted to show the following: if N’
and N” are finitely generated modules over any ring A and 0 - N - N — N” = 0 is
an exact sequence, then N is finitely generated.

Proposition 4.17. If A is Noetherian and S C A multiplicative then S~' A is Noetherian.
Proof. If b € S™1'A is an ideal then b€ is finitely generated, hence so is b = b. U

Theorem 4.18 (Hilbert's Basis Theorem). If A is Noetherian, then so is Alt].
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Proof. Let a C A[t] be an ideal. For n € N, we define recursively elements f,, € a, ideals
an =y, (fi) and numbers d,, := deg(f,), as follows. First let f; := 0. Then if n > 1,
let f,, be any element of minimal degree in a \ a,_;. If at some point a = a,, then a is
finitely generated and we are done. If not, we want to find a contradiction.

Note that d;—1 < d; for all i > 1, since f; € a \ a,_2.

For i € N, write f; = a;t% + (lower terms) and let @ := >, _y(a;) € A. Then there
exists n € N such that @ = > " ;(a;). In particular, there exist u; € A such that
Unt1 = Yoiq uia;. Let g == Y1 u; fit™+1=%_ Then g € a, and fo,y1 € a\ a,, so
fnt1 —g €a\a,. But

n
g= (Z uiai)td”“ + (lower terms) = a4 1t%+! + (lower terms),
i=1

so deg(fn+1 — g9) < dpy1 = deg(fn+1), contradiction. O

Corollary 4.19. If A is Noetherian then so is A[ty,...,t,]. In particular, if K is a field
then Klti,...,t,] is Noetherian, thus every finitely-generated K-algebra is Noetherian,
as well as every finitely generated Z-algebra. O

Primary decompositions in Noetherian rings

An ideal a C A is irreducible if for all ideals b,c C A, ifa=bNcthena=bor a=rc.

Lemma 4.20. If A is Noetherian, then every ideal a C A is the intersection of finitely
many irreducible ideals.

Proof. Suppose not. Then the set X of ideals that aren’t such an intersection has a
maximal element a. In particular a is reducible, so there exist b 2 a and ¢ 2 a such that
a=>bnNc. But then b,c & >, so a & 3, contradiction. O

Lemma 4.21. Let A be a Noetherian ring and q C A irreducible. Then q is primary.

Proof. Since q is irreducible, (0) is irreducible in A/q. Now let z,y € A/q with zy = 0,
x # 0. We show that y is nilpotent. The ascending chain

(0) € ann(y) C ann(y?) C - -

is stationary, so ann(y") = ann(y"*!) for some n. If z € (y") then z = gy" for some

g € A/q. If additionally z € (x) then gy"*! = yz = 0, thus gy™ = 0 because g € ann(y").
Hence we have (0) = (z) N (y™). Since (z) # (0), we must have (y") = (0). O

From these lemmas we immediately deduce the following theorem:

Theorem 4.22 (Noether). Every ideal in a Noetherian ring has a primary decomposition.
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Hilbert’s Nullstellensatz

Lemma 4.23 (Artin—Tate). Let A C B C C be rings, where A is Noetherian, C' is finitely
generated as an A-algebra, and C is finitely generated as a B-module. Then B is finitely
generated as an A-algebra.

Proof. Let x1,...,Zm,y1,...,yn € C such that C = Alz1,..., 2] = By1 + - + Byn.
Then for every z; and every product pair y;y, there are equations of the form

n
x; = Zbijyj7 bi; € B,
=1

n
Yivk = Y bikeve, bk € B.
=1

Let B’ := Albij, bjkeli jk,e- Then B'y; +-- -+ B'yy, contains all z;, all products z;z;, and
all other monomials in the ;. Thus C = B'y; + --- + B'yy,, so C is a finitely-generated
B’-module. Now B’ is Noetherian (it is a finitely-generated A-algebra) and B’ C B, thus
the B’-submodule B C C'is a finitely-generated B’-module. Then B is finitely generated

as an A-algebra: if, say, B = B'y] +--- + B'y,. then B = A[bij, bjke, Yo )ij k.0, O

Lemma 4.24. Let K be a field and E the function field K(¢y,...,t,) for some r > 1.
Then F is not a finitely-generated K-algebra.

Proof. Exercise. O

Lemma 4.25 (Zariski). Let K C L be fields, where L is a finitely-generated K-algebra.
Then L is a finitely-generated K-vector space.

Proof. By “basic field theory” (see supp. material), there exists a field E such that

e KCFECIL,

e E is isomorphic to the function field K (t1,...,t,) for some r > 0, and

e [ is a finite-dimensional F-vector space.
Then since K is Noetherian and L finitely generated as a K-algebra and as an F-module,
E is a finitely-generated K-algebra. But this can only happen when r = 0. O

Corollary 4.26. Let A be a finitely-generated K-algebra and m C A a maximal ideal.
Then A/m is a finitely-generated K-vector space. In particular, if K is algebraically
closed then A/m ~ K.

Proof. We have K C A/m and A/m is a finitely-generated K-algebra and a field, so it is
finitely-generated as a K-vector space. In particular, if « € A/m then there exists n € N
such that the elements 1, c, ..., a'™ are linearly dependent over K. If K is algebraically
closed, this implies o € K, thus A/m = K in this case. O
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Theorem 4.27 (Hilbert's Nullstellensatz). Let A = k[t1,...,t,], where k is an alge-
braically closed field, and a C A an ideal. Let V(a) = {x € k" | g(x) = 0 for all g € a}
and

I(V(a)) ={f€A| f(x)=0forall z € V(a)}.

Then I(V(a)) = rad(a).

Proof. If f* € a and x € V(a), then f(z)" =0, thus f(z) = 0. So rad(a) C I(V (a)).

Now let B := A/a. Suppose f ¢ rad(a) and let f be the image of f in B. Then
By # 0, so there exists a maximal ideal m C By. Also, By ~ B[t]/(1 —tf) is a finitely
generated k-algebra, thus so is B?/ m. Since k is algebraically closed we have B?/m ~ k
and a ring homomorphism

¢:A— B~ By = By/m = k.

Let  :== (p(t1),...,¢(ty)) € k™. For all g € A we have g(x) = ¢(g). In particular,
if g € a then g(z) = 0 since g becomes 0 in B, thus z € V(a). But f(x) # 0 since f
becomes a unit in By. Hence, f ¢ I(V(a)), which concludes the proof. O

On this happy note, we conclude our introduction to commutative algebra.

Exercise 7. For this exercise, let A := K|[z,y, 2] and let a denote the ideal (yz,z2%) C A.
(1) Show that the ideals (z) and (y,x) are prime and that V(a) = V(z) UV (y, ).
(2) Show that the ideal (y, 2?) is primary and find its radical.
(3) Show that a = (2) N (y,z) N (y, 22).
(4) Show that the relation in (3) is a minimal primary decomposition of a.
(5) Determine the set Ass(a) of prime ideals associated to a, together with its partial
order C. Indicate which associated primes are isolated and which are embedded.

Exercise 8. In this exercise, K denotes an arbitrary field. Recall that the variety of an
arbitrary subset E C Klt1,...,t] is

V(E)={x e K" | f(x) =0forall fe E}.

(1) Find an ideal a C K[z, y, z] such that Ass(a) consists of three distinct prime ideals
p1, P2, p3 with p1 C p2 C p3.

(2) Let E C K][ty,...,t,] be any subset. Show that there exist f1,..., fr € K[t1,..., 5]
such that V(E) =V ({f1,..., fx})-

(3) Let K be algebraically closed and let a C KJtq,...,t,] be an ideal. Show that
V(a) = 0 implies a = (1). Deduce that every maximal ideal m C K[t1,...,t,] is of
the form m, for some x € K". (Or, if you prefer, prove the second statement and
deduce the first from the second).

(4) Find an ideal a C R[t] such that V(a) = @ but a # (1). Compute V(a®), where the
extension is taken with respect to the inclusion R[¢t] — C[¢].

(5) Let r > 1, E == K(t1,...,t;), and a1,...,a,, € E. Show that there exists a« € FE
such that o & K[aq, ..., apy]. Deduce that E is not a finitely-generated K-algebra.
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Supplementary Material

Homomorphisms from a polynomial ring

Let A be a ring, P = Alty,...,t,] the polynomial ring in n variables over A. We have
e A ring homomorphism u : A — P (the obvious inclusion)
e A choice of n elements of P (the t;)

with the following property:

For all rings R, ring homomorphisms v : A — R, and all choices of n elements
r1,...,T, of R, there exists a unique ring homomorphism f : P — R such
that fou =v and f(t;) = r; for all 4.

This is called the ‘universal property’ of the polynomial ring in n variables over A, for
the following reason. If any other ring P’ with a ring homomorphism v’ : A — P and a
choice of n elements t; € P’ satisfies the property above (with P’, u/ and ¢} instead of P,
u, and t;), then there exists a unique ring isomorphism h : P = P’ such that howu = u’
and h(t;) =t} for all 4.

In other words, the above property characterizes the polynomial ring P up to unique
isomorphism. The reason for this uniqueness is purely formal: given such a P’, use the
property of P to get a homomorphism P — P’ and the property of P’ to get a homo-
morphism P’ — P. From the uniqueness clause of the property of P, the composition
P — P’ — P must be the identity. From the uniqueness clause of the property of P’,
the composition P/ — P — P’ must be the identity. Thus the homomorphisms we found
are mutually inverse, so isomorphisms.

As an example of how to use the universal property, let k& be a field and suppose we
want to define a ring homomorphism from klt1, ..., t,] to some ring R. Then for this we
just need to specify n elements of R and a ring homomorphism k — R. In most cases, it
will be clear what this homomorphism should be. For instance, if R = k then take the
identity, and if R = A, from the exercises, we could map A € k to A/1.

It is now time to prove the universal property for P = Alty,...,t,].
Proof. For an index tuple I = (i1, ...,4,) where i; € Z>o, and a choice of n elements
T1,...,7T, in an arbitrary ring R, we write 7/ for the product 7}'---rin. Thus every

element of P can be written as a sum >_; u(ar)t!, where I ranges over all possible index
tuples, a; € A, and all but a finite number of the u(ay) are zero. Now let v: A — R
and rq,...,ry. If a ring homomorphism f : P — R is supposed to satisfy f owu = v and
f(t;) = r;, then setting for all p =" u(as)t! € P

Fo) =Y flulan)ft") = v(ar)
I

I

is our only choice. We see that by our definition, f ou = v and f(¢;) = r;. It remains to
show that f is a homomorphism, but this I will leave to the reader. It follows from the
fact that addition and multiplication of elements of R of the form >, b 1!, where by € R,
mirrors precisely the addition and multiplication defined in the polynomial ring. O
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On that last point, it may be good to recall the addition and multiplication in the
polynomial ring: we have

D at" > bttt = (ar + bi)t,
I 1 I
@ a1t1> (; w) - Z( T anK>tI,

I “MJ+K=I

where the addition of index tuples is defined componentwise:
(j17"'7jN)+(k17"'7kn) = (Jl+k177]n+kn)

“Basic field theory.”

This section is to explain one step of the proof of Zariski’s Lemma 4.25. Field theory
studies field extensions, which are inclusions of the form K C L, where K and L are
fields. Such a field extension is often written L/K and L is said to be a field over K.

Given an extension L/K, an element o € L is algebraic if there exists a polynomial
f € KJt] such that f(a) = 0.

If ¥ C L is any set of elements, then K (X) denotes the smallest subfield of L that
contains Y. This is well-defined since the intersection of two subfields is again a field. In
particular, if aq,...,, € L then K(aq,...,ay) is the smallest subfield containing all
the a;. Note already that K(aq,...,an—1)(ay) = K(ai,...,an).

The field extension L/K is said to be

e algebraic if all elements o € L are algebraic,

e finitely-generated if there exist aq,...,a, € L such that L = K(a,...,ay),

e finite if L is a finite-dimensional K-vector space.
Note that the extension L/K being finitely-generated is a very different condition from
the field L being a finitely-generated K-algebra. The former says that every element of
L can be written as a rational expression in the «; with coefficient in K. The latter,
that every element can be expressed as a polynomial in the «;.

Being finite is a transitive condition: if K C E C L are fields, E/K is finite, and L/FE
is finite, then L/K is finite. Indeed, if (x;) is a K-basis of E and (y;) is an E-basis of
L, then (x;y;) is a K-basis of L.

The first important fact about field extensions is the following: Let L/K be a field
extension. The following are equivalent:

(1) L/K is finite.

(2) L/K is finitely-generated and algebraic.

(3) L =K(au,...,ap) and the a; € L are algebraic.

Proof. (1) = (2): Let L/K be finite. Then it is finitely generated. Now let a € L. Then
there exists n € N such that the 1,«,...,a™ are linearly dependent over K. This gives

a polynomial f € K|[t] of degree n such that f(«) = 0. Thus « is algebraic.
(2) = (3): Clear.
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(3) = (1): Let L = K(a,...,q,) with the a; € L algebraic. We proceed by induction
onn. Ifn=1and L = K(«), let ¢ := K[t] — L be the ring homomorphism defined by
t — a. Then K|[t]/ ker(y) ~ K[o] C L is an integral domain, so ker(y) is prime. Since «
is algebraic, ker(y) is nonzero. Since K|t] is a principal ideal domain, ker(¢) is maximal.
Thus K[a] is a field containing «, so L = KJa], and hence L is a finite-dimensional
K-vector space, again since ker(y) # 0.

Now let n > 1 and F = K(a1,...,a,—1) Then K C E C L. By the induction
assumption, £//K is finite and by the n = 1 case, L/E is finite. Thus L/K is finite. [

Now we can prove a statement that we need for Zariski’s lemma: If L/K is a finitely-
generated field extension, then there exists a field K C E C L such that E is isomorphic
to the function field K (t1,...,t;) for somer >0 and L/E is finite.

Proof. Write L = K(ay,...,a,). We construct E step by step:
(1) Start with £ == K.
(2) For i =1,...,n: if o; is not algebraic over E, then replace E by FE(«;).
(3) Rename the «; so that £ = K(a1,...,ay).

At the end of this algorithm, we have L = F(ay41,-..,q,) where ay41,...,ap, € E, and

by our construction the a;41,...,a, are algebraic over E. Thus L is algebraic over F.
Moreover, E ~ K (t1,...,t;), which we show by proving that K|a1,...,a,] ~ K[t1,...,t.].
We have a surjective homomorphism ¢ : Klt1,...,t,] = Klaq,...,a], and if f is a

nonzero element of ker(y), then f contains some variable ¢;. Among these possible t;,
we can choose one such that a; was added last in the algorithm, say for instance ¢ = r.
But then f shows that «, is algebraic over K(ayq,...,ay_1), contradiction. O

Zariski’s lemma’s assumption is that L is even finitely generated as a K-algebra, so in
particular L/K is a finitely generated as a field extension. Again, the former condition is
much stronger: by Zariski’s lemma itself, it implies for instance that we can take £ = K
in the former statement.
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