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1. Introduction

A discrete statistical model is a subset of the simplex A,, := {p € R;‘gl [ >, oy =1}
of probability distributions on n + 1 events for some n € N. In algebraic statistics, we
are interested in models which are algebraic, meaning that the model is the intersec-
tion of A,, and some semialgebraic set in R™*!. Here, models with mazimum likelihood
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degree one are of special interest because for these, the maximum likelihood (ML) esti-
mation problem is a rational function in the entries of the observed data, and therefore
algebraically simplest.

Example 1.1. Consider the set As of probability distributions on three events and of this,
the subset M | that models throwing a biased coin twice and recording the number of
times it shows heads. An empirical observation is then represented by a triple u =
(ug,u1,u2) of numbers indicating the number of times we observed the result of no
heads, one head, and two heads, respectively. From this data, the most reasonable guess
for the probability 6 that the coin will show heads is

2ug +uq

g=_—-—2""1
2(U2 —+ (5% + UO)

More precisely, this expression maximizes the likelihood

Ug, U1, U2

Prob(u = (uo, u1,uz) | 0) = (UO 4+ uy + us

)(1 — 0)%40gu(1 — 9)" 16?2

of observing the empirical distribution u given the parameter 6. For this reason, the
above expression for 6 is called the mazimum likelihood (ML) estimate of M for the
data wu. Since this expression is a rational expression in the entries of u, the model M
has ML degree one.

In general, the ML degree of an algebraic model can be higher than one. In this case,
the ML estimate of the model for generic data u is obtained by taking a finite field
extension of C(u) of correspondingly high degree. Thus, the ML degree is a measure of
the algebraic complexity of the ML estimate. An ML degree of one indicates the simplest
case where no field extension is taken.

Algebraic statistical models with ML degree one have been a recurring object of study
in recent years. The problems considered range from identifying ML degree one members
of a given family of models to studying properties, parametrizations, and normal forms
of ML degree one models in general. Articles have been written both on the discrete [3,
4,6,8,10] and Gaussian [1,2,7,13] case.

In particular, two articles [8,10] study discrete models of ML degree one in gen-
eral. These works explain which form these models may take and provide systematic
parametrizations. However, a general classification seems out of reach. More specifically,
we would like to divide the set of all discrete algebraic models with ML degree one
contained in the simplex A,, into finitely many easy to understand families. But at the
time [8] was published, there was no way to do so even for the simplest case n = 2.

In this paper we provide such a classification for n = 2, and extend this to n = 3,4
in the case where the models in question are one-dimensional as algebraic varieties.
Since one-dimensional discrete algebraic models with maximum likelihood degree one
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are the focus of this paper, we will refer to these models often. We call them “rational
one-dimensional models” for short, sometimes shortening this further to “R1d models”.

We start by stratifying the set of rational one-dimensional models in A, by their
degree as algebraic curves. We find that for a fixed d, there are essentially finitely many
ways to construct rational one-dimensional models of degree < d. We make this precise
by introducing the notion of fundamental models, from which all other rational one-
dimensional models can be constructed. Since there are finitely many fundamental models
of degree < d, we are satisfied with our classification if we can find an upper bound for
deg(M), where M ranges over all rational one-dimensional models in A,,. This would
imply that there are finitely many fundamental models in A,,.

Our main theorem gives such an upper bound for rational one-dimensional models
contained in Ag, Az, and Ay.

Theorem 1.2. Let n < 4 and let M C A, be a one-dim. discrete model with ML degree
one. Then

deg(M) <2n — 1.

To prove Theorem 1.2 we use a strategy inspired by the literature on chip-firing [11],
which motivates the formulation of an equivalent combinatorial problem. In Proposi-

tion 2.2, we observe that rational one-dimensional models admit a parametrization
p:[0,1] = Ay, e (wut™ (1 —t)7)_,
which enables us to represent these models as sets of integers on a grid.

Example 1.3 (Example 1.1 continued). The model M} C A, is parametrized by the
function p(t) = (¢2,2t(1 —t), (1 — t)?) and can be represented by the following picture.

1

-2

-1 -1

In such a picture, the grid point with coordinates (i, j) represents the monomial #*(1 —
t)7. The integer entry at that point represents the coefficient of that monomial in the
parametrization, where a dot represents the entry 0. The entry —1 at the point (0,0)
indicates that the coordinates of the parametrization add up to 1. More precisely, it is
the coefficient of the constant term of the polynomial

12 +2-ts+1-5"—1
which becomes zero after the substitution s — (1 —¢). We think of these integer entries

as ‘chips’ on the grid, allowing for negative chips. Thus we call such a representation a
chip configuration.
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Any chip on the grid can be split into two further chips, which are then placed directly
to the north and to the east of the original chip. We can ‘split a chip’ where there are
none by adding a negative chip. Finally, we can unsplit a chip by performing a splitting
move in reverse. Starting from the zero configuration, these chipsplitting moves can be
used to produce models. For instance, we get the model M | by performing chipsplitting
moves at (0,0), (1,0), and (0,1), as visualized below.

. 1
- . 11 .2
o . - -11 . -1 -1 -1 -1
In this view, Theorem 1.2 becomes a combinatorial statement about the possible out-
comes of these sequences of chipsplitting moves, which we call chipsplitting games.

Outline

In the following Preliminaries section we introduce chipsplitting games and formulate
the combinatorial equivalent of Theorem 1.2. In Section 2 we explain how to use Theo-
rem 1.2 to classify all rational one-dimensional models in A,, for n < 4. In Section 3 we
introduce combinatorial tools for proving our main result. In Section 4 we explain the
connection between rational one-dimensional models and chipsplitting games. In Sec-
tions 5- 7 we prove Theorem 1.2 in the language of chipsplitting games for n < 2, n = 3,
and n = 4, respectively. In Section 8 we discuss examples, computations, and future
directions.

Code

We use the computer algebra system Sage [14] to assist us in our proofs, espe-
cially in Section 7, and to implement our algorithm for finding fundamental models
in Section 8. The code is available on MathRepo at https://mathrepo.mis.mpg.de/
ChipsplittingModels/.
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Preliminaries

For indices ¢ and j, the Kronecker delta symbol d;; equals 1 if 7 = j and 0 otherwise.
For sets A and B we denote the set of functions A — B by B*. We often write elements
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of B4 as A-indexed collections of elements of B. The set of subsets of A is denoted by
24, The cardinality of A is #A.
Let (V, E) be a directed graph without loops.

Definition 1.4. Let V/ C V be the subset of non-sinks.

(a) A chip configuration is a vector w = (w,)yev € Z" such that #{v € V | w, # 0} <
00.

(b) The initial configuration is the zero vector 0 € Z".

(c) A splitting move at p € V maps a chip configuration w = (wy)yey to the chip
configuration @ = (W, )yey defined by

w, —1 ifv=np,
Wy =4 wy, +1 if (p,v) € E, i.e., E contains an edge from p to v,
Wy otherwise.

An unsplitting move at p maps w back to w.

(d) A chipsplitting game f is a finite sequence of splitting and unsplitting moves. The
outcome of f is the chip configuration obtained from the initial configuration after
executing all the moves in f.

(e) A (chipsplitting) outcome is the outcome of any chipsplitting game.

Note that the moves in our game are all reversible and commute with each other.
In particular, the order of the moves in a game does not matter. Furthermore, every
chipsplitting outcome can be obtained as the outcome of a chipsplitting game such that
there is no vertex in V' where both a splitting and an unsplitting move occur. We call
games that have this property irredundant. We usually assume chipsplitting games are
irredundant. Moreover, we consider two games f, g equivalent (f ~ g) if they are equal
up to reordering. Given an irredundant chipsplitting game f, we count the number of
moves in f at each non-sink vertex p of V, counting unsplitting moves negatively. We
obtain the bijection

{irredundant chipsplitting games on (V, E)}/ ~
—={g: V' = Z | #{peV'|glp) # 0} < oo}

f — (p — number of moves at p in f).

Thus, we identify an irredundant chipsplitting game f with its corresponding function
V' — Z. The outcome w = (wy)yey of f now satisfies

Wy = —f(’U)+ E f(v)a

peV’
(pv)EE
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where we write f(v) =0 when v ¢ V.

Remark 1.5. Let A be an abelian group. The definitions above naturally extend from Z to
A, i.e., to the setting where the number of chips at a vertex and number of times a move
is repeated are both allowed to be any element of A. Here (resp. when A = Q,R), we
say that the chip configurations, chipsplitting games and outcomes are A-valued (resp.
rational, real).

We now define the directed graphs (Vy, E4) we consider in this paper. For d € N U{oc},
write

Va:={(i,j) € 2%, | i+j < d},

Eg:= {(U,’U—FB) ‘ vEVy_1,e€ {(1’0)7 (0’ 1)}}

We think of V; as the integer points of the plane triangle delimited by (0, 0), (d,0),
and (0,d). We consider the hypothenuse as the dth diagonal of this figure, and similarly
we think of the vertex (7,7) as lying in the (i + j)-th diagonal. To emphasize this we
define deg(i, j) := i + j, the degree of (i,j) € Zio. Next, we define some notions about
chip configurations on Vj; that will be used throt_lghout the paper.

Definition 1.6. Let w = (w; ;) j)ev, be a chip configuration.

holds:

(i) 0<4,j <3,
(if) 0 <i < 3 and deg(i,j) > d— 3, or
(iii) 0 < j <3 and deg(i,j) > d— 3.

Fig. 1 illustrates the notion of a weakly valid outcome, which will first be used in
Section 6.5.

Example 1.7. We depict a chip configuration w = (w; ;)i jyev, € ZVe as a triangle of
numbers with w; ; being the number in the ith column from the left and jth row from
the bottom.
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|

|

Fig. 1. The corners of the four-entries wide outer ring of the triangle V. A chip configuration is weakly valid
if its negative support is contained in the highlighted area.

—_— —_—
4 4

1. 11 - C2 . C2 . 21 .3 .
0. .- -11.. -1 1. -1 1. -1 1. 1. .1 -1. .1
When w; ; = 0, we usually write . at position (7, ;) instead of 0. In the examples above,
we have d = 3. The leftmost configuration is the initial configuration. From left to right,
we obtain the next five configurations by successively executing splitting moves at (0, 0),
(1,0), (0,1), (0,2), and (2, 0), respectively. Finally, we obtain the rightmost configuration
w by applying an unsplitting move at (1,1). The positive support of w is {(0,3), (1,1),
(3,0)}. Its negative support is {(0,0)}. Its support is the union of the previous two sets.
The degree of w is 3, since the furthermost diagonal that supports w is the third one.

All configurations shown in this example are valid and therefore weakly valid.

The notion of a valid outcome is essential for establishing the connection between
chipsplitting games and rational one-dimensional models: Proposition 4.2 shows that
valid real chipsplitting outcomes correspond precisely to reduced R1d models. For in-
stance, the model M from Section 1 corresponds to the middle configuration in the
above sequence.

Remark 1.8. The notion of chipsplitting games is inspired by that of chipfiring games.
For a thorough treatment of the latter, see [11]. In fact, by using powers of two one can
prove that our chipsplitting games are equivalent to certain chipfiring games, provided
the latter allow ‘unfiring’, or reversing a firing move. All notions of Definition 1.4 have
chipfiring equivalents. In this paper, we use chipsplitting games as they relate more
directly to the statistical models of Section 2.

We can now state our main result in the language of valid outcomes.

Theorem 1.9. Let n < 4 and let w be a valid outcome with a positive support of size n+1.
Then
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deg(w) < 2n — 1.

The equivalence of Theorems 1.2 and 1.9 will be proven in Proposition 4.4. We will
prove Theorem 1.9 in Sections 5-7 (See Theorems 5.14, 6.21 and 7.9).

2. Fundamental models

In this section we develop the statistical side of our paper and prove our main classi-
fication theorem using Theorem 1.2.

A one-dimensional (parametric, discrete) algebraic statistical model is a subset of A,,
which is the image of a rational map p: I — A, whose components py(t),...,p,(t) are
rational functions in ¢, where I C R is a union of closed intervals such that p(0I) C
0A,,. Alternatively, such a model can be described as the intersection of A, with a
parametrized curve {y(t) | t € R} C R"*! with rational entries in the t.

Let M C A,, be a one-dimensional algebraic model which is parametrized by the
rational functions po(t),...,pn(t). The equation ) p,(t) = 1 holds for infinitely many
and thus for all ¢ € R. We multiply it by the least common denominator of the p, (t)
to obtain an equation of the form ) a,(t) = b(t), where ao(t), ..., an(t),b(t) are poly-
nomials in ¢. Thus, M is determined by a collection (ay,...,an,,b) of polynomials in
t satisfying >~ a, = b. The parametrization of M is recovered by setting p, = a, /b,
where we may assume that the polynomials ag, ..., a,, b share no factor common to all
of them.

In maximum likelihood estimation, one seeks to maximize the likelihood L, (p) =
const(u) [ [, pp of observing a given empirical distribution u € A,,, over all p € M. The
term const(u) is a multinomial coefficient that depends only on u, so it can be dropped.
Then, the problem is reduced to maximizing the log-likelihood £, (p) == " u, log(p,) o
log £, (p). This can be accomplished by first finding all the critical points of £,. When
M is one-dimensional, finding these critical points amounts to finding the zeros of the
derivative ¢, (p(t))" with respect to ¢. In our notation, we have

GO0 = e~ S

a rational expression in ¢ which we abbreviate as £,,. In algebraic statistics, the mazimum
likelihood degree mld(M) of M is the number of solutions over C to this equation for
general u € C™. In our case, this number can be determined in terms of the roots of the
a, and b, as the next lemma shows.

Lemma 2.1. Let f be the product of all the distinct complex linear factors occurring
among the polynomials ag, ..., an,b. Then mld(M) = deg(f) — 1.

Proof. Every factor of a polynomial g with multiplicity k& occurs in ¢’ with multiplicity
k — 1. So the expression
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e, = Zuyj;:::” —Zu,%b/

is a polynomial in ¢ of degree deg(f)—1. All roots of the rational function ¢,, are roots of
f¢,. It remains to show that no new roots were introduced. That is, that no root of f is
also a root of f¢/,. Thus, let { be a complex linear factor of f and (y € C its derivative.
Rewrite f¢, as

n+1

fa,
D> uw

a
v=0 v

with an41 = b and upqq = —ZZ:O u,. For v = 0,...,n+ 1, write a,, = (jk"ru and
f = (r such that ¢ {r,,r. Then for all v we have fa.,/a, = (rk,(o/C + Crrl, /r, = Cokur
(mod (). Consequently,

n+1 n

e, = Cor Z uyky, = Cor Zu,,(k:,, —kpt+1) (mod ¢).
v=0 v=0

Not all the (k, — kn41) for v = 0,...,n can be zero since ( is a factor of some a, for
v =0,...,n+ 1, but not all of them since by assumption the ay,...,a,+1 share no
factor common to all of them. Hence, because the u, are generic we may assume that
>, uu(ky —kng1) # 0. Since ¢ divides f only once, we have (or # 0 (mod (). Therefore,
f,£0 (mod ¢), so ¢4 f6,. O

In this paper we are interested in classifying one-dimensional models of ML degree
one. The next proposition is the first step in our classification.

Proposition 2.2. Fvery one-dimensional discrete model M of ML degree one has a
parametrization of the form

P [0,1] = Ay, te (wt™ (1 —t))0,
for some nonnegative exponents i,,j, and positive real coefficients w, forv=20,...,n.

Proof. Let M be defined by the polynomials ag,...,an,b with > a, = b. By
Lemma 2.1, these polynomials split as products of the same two complex factors. The
n + 1 faces of A,, lie on the n 4+ 1 coordinate hyperplanes of R™. Thus, the set I in
the parametrization p: I — M is a single closed interval because p(9I) C 0A,, and the
a,,b have exactly two zeros among them. In particular, these zeros are real and coincide
with the endpoints of I. Without changing M, we may reparametrize and assume that
I =[0,1]. We may write
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a, (t) = w,t (1 —t)7
b(t) = wt' (1 —t)7,

for w,,w € Ryg and 4,,7j,,%,j € Z>o for all v. If ¢ > 0, then i, = 0 for some v and
we arrive at a contradiction by evaluating the equation ) a, = bat t = 0. So i = 0.
Similarly, we must have j = 0. By dividing by w we now arrive at the required form
for p. O

Thus, our goal is to provide a classification of the parametrizations of models specified
by Proposition 2.2, i.e. rational one-dimensional models. We will show how these models
can be built up from progressively simpler models, the simplest of which we will call
‘fundamental models’.

Proposition 2.2 shows that every rational one-dimensional model M C A,, can be
represented by a finite sequence (w,,i,,J,)0_, for some nonnegative exponents 4,, j,
and positive real coefficients w,. The degree of M as an algebraic variety, denoted by
deg(M), is max{deg(iy,,j,) | v € {0,...,n}} where deg(i,j) =i + j.

We consider two rational one-dimensional models in A,, equivalent if they differ only
by a relabeling of the coordinates on A,,. Nevertheless, we shall attempt to maintain
some consistency when indicating points of A,, indexed by pairs (i, ) by ordering the
coordinates of these points lexicographically. Although (wy, 4y, 5,)0—y and (wy, ju, i)0—
represent the same subset of A,, we shall count these two representations as distinct
rational one-dimensional models unless they are equal up to reordering. These two models
differ by the reparametrization t — p(t — 1).

We now define our first simpler subclass of the class of rational one-dimensional mod-
els.

Definition 2.3. A rational one-dimensional model represented by (w,, iy, j,)o_g is reduced
if the exponent pairs (i,, 7, ) are not equal to (0,0) and pairwise distinct. For brevity we
call such a model a reduced R1d model.

Proposition 2.4. Every one-dimensional discrete model of ML degree one is the image of
a reduced R1d model under a chain of linear embeddings of the form

An—léAru (pOw"vﬁUa"'apn)*_)(>\p03"'317)‘7'-'7)‘pn)7 )‘6[071] (1)

or

A77,71_>An7 (p07"'apl/7'"715;“"'71977,)
o (B Ay (L= Npr o), A€ [0,1]. 2)
Proof. Let (w,,iy,J,)0_, represent a rational one-dimensional model M. If (i,,7,) =

(0,0) for some v then w, < 1. Let A := 1 — w,. Then M is the image under the linear
embedding (1) of the reduced R1d model represented by
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(w, /(1 —w,), iLVjL):I:O,L?fl/‘

Similarly, suppose that (i,, j,) = (¢, j,) for some v # pand let A := w, /(w,+w,,). Then
M is the image under the linear embedding (2) of the reduced R1d model represented
by

(’LUL + 5wwu7 iL?jL)ZL:O,L;é[L' O

Remark 2.5. If A, contains a rational one-dimensional model of degree d, then A,
must contain a reduced R1d model of degree d for some n’ < n. Therefore, to prove
Theorem 1.2 it is enough to consider reduced R1d models only.

Definition 2.6. A reduced R1d model represented by (wy,i,,7,)0—, is a fundamental
model if, given the exponents (i,,j, ), the weights (w,) are uniquely determined by the
constraint »_ p, = 1.

Thus, for any given set of exponents (i,,7j,), we can check whether there is a fun-
damental model with these exponents by solving a system of affine-linear equations in
the weights w,. Similarly, the set of reduced R1d models with these fixed exponents is
always an affine-linear half space of dimension at most n + 1.

Example 2.7. Consider the sequence of exponents ((2,0), (1, 1),(0,2)). The polynomial
constraint wot?+wit(1—t)+wz(1—1)? = 1 leads to the affine-linear system wo—w1 +wy =
0, w; — 2wy = 0, wy — 1 = 0. The unique solution (1,2, 1) defines the fundamental model
t— (t2,2t(1 —t), (1 —t)?).

We shall now see that every reduced R1d model can be constructed from finitely
many fundamental models in a finite number of steps. For this, we represent a reduced
R1d model by the function f: Z? — R>o that sends an exponent pair (i,,j,) to its
associated coefficient w,. We call the set of exponent pairs (i,,j,) the support of M. It

equals supp(f).

Definition 2.8. Let M; and M5 be reduced R1d models represented by the functions
fi.f2 : Z* — Rsq. Let 0 < p < 1. The composite My *, My of My and M is the
reduced R1d model represented by

9: 2% = Rxo,  g(i,j) = pfi(i,5) + (1 — ) f2(i, j).

Proposition 2.9. Every reduced R1d model is the composite of finitely many fundamental
models.

Proof. Let M be a reduced R1d model represented by (w,,i,,7,)0—q. If n < 1 then
M is fundamental. So, let n > 2 and M not fundamental. It suffices to show that
M is the composite of two reduced R1d models whose supports are proper subsets of
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S. Since M is not fundamental, there exist zg,...,x, € R, not all zero, such that
S @t (1 —t)7 = 0. Since this equality holds for all ¢ € (0,1), we have at least one
positive and one negative x,. Let

A :=min{w,/|z,| | v € {0,...,n},z, <0}, wu,:=w,+ Az, for v € {0,...,n},

and S1 := {(iy,4,) | v € {0,...,n},u, # 0}. Then we have A > 0 and w, > 0 for all
v €{0,...,n}, the latter of which we verify by distinguishing between the cases z, > 0
and z, < 0. For all v we have u,, = 0 if and only if , < 0 and A = w/|z,|. Thus S; is a
nonempty proper subset of S. Since Y.I'_ u,s, = 1, the coefficients u, for (i,,j,) € S
define a reduced R1d model M, with support Sy. Let

p = min{w, /u, |v € {0,...,n},u, # 0},
vy, = (wy, — puy,) /(1 — p) for v €{0,...,n},

and Sy := {(iv,7,) | v € {0,...,n},v, # 0}. Then u > 0. Since at least one of the
x, is positive, we have u,, > w, for some v, and thus u < 1. We have v, > 0 by the
definition of y and v, = 0 if and only if u, # 0 and p = w, /u,. Thus Sy is a nonempty
proper subset of S and we have S;US; = S. Since ZZ:O vy, x, = 1, the coefficients v, for
(iv,7,) € S define a reduced R1d model My with support S;. We conclude by noting
that w, = pu, + (1 — p)v, for all v € {0,...,n}. Thus, M = My %, Ma. O

Remark 2.10. If a reduced R1d model M C A, is not fundamental, then by Propo-
sition 2.9 there exists n’ < n and a fundamental model in A,  of the same degree as
M. Thus, it suffices to prove Theorem 1.2 for fundamental M. In turn, Theorem 1.2
implies that there are only finitely many fundamental models in A,, for n < 4. This is
because for all d there are only finitely many subsets S C Z? that can be the support of
a fundamental model M of degree d, and S determines M uniquely.

Our classification of one-dimensional discrete models of ML degree one is now com-
plete. We summarize it in Theorem 2.11, all elements of which we already established in
this section. Part (c) uses Theorem 1.2, which we will prove in Sections 5-7. We visualize
our classification in Fig. 2.

Theorem 2.11.

(a) Every one-dimensional discrete model of ML degree one M C A,, is the image of a
reduced R1d model M’ C A,/ under a linear embedding A, — A, for somen’ < n.
(b) Every reduced R1d model M’ C A, can be written as the composite

MI — Ml *Ml ( .. *Mm—l (Mm—l *Nf’m Mm) .. )

of finitely many fundamental models My, ..., My,.
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(Prop. 2.9) (Prop. 2.4)

N -
N < ~

Fundamental c Reduced Rational one-dimensional

models R1d models models

N

Fig. 2. A classification of one-dimensional discrete models of ML degree one (right box).

AV

Fig. 3. Fundamental models in Ag. These correspond to the parametrizations t — ((1 — t)2,3t(1 — t), t3),
t ((1—1)2,2(1 —t)t,t%), and t — ((1 —t),t(1 —t),t?), from left to right. Their supports are {(0,3), (1,1),
(3,0)}, {(0,2), (1,1), (2,0)}, and {(0,1), (1,1), (2,0)}, respectively. In A5 there is a further fundamental model
with support {(0,2), (1,0), (1,1)}, but it is identical to the third model in this picture after a permutation
of the coordinates of A, and the reparametrization t — 1 — t.

/NN

Fig. 4. Non-reduced R1d models in A,. These arise from linear embeddings A; — Ay of type (1) and (2),
respectively. They are given by ¢ — ((1—X)t, A, (1—=X)(1—1t)) and ¢ — ((1—1t), At, (1 —A)t), where X :=1/3.
All other non-reduced one-dimensional models of ML degree one in Ay arise from these two by varying A
and permuting the coordinates of As.

(¢) For n <4, there are only finitely many fundamental models in A,. O

Example 2.12. Let us classify all one-dimensional models M of ML degree one in the
triangle As, up to coordinate permutations. The unique rational one-dimensional model
Mo in Ay is parametrized by t — (¢, (1 —t)). Since Mg *, Mo = My, all rational one-
dimensional models in Ay are either fundamental or non-reduced. Theorem 1.2 gives a
bound for the algebraic degree of M: we have deg(M) < 3. Hence, to find all fundamental
models we check all possible sets of exponent pairs (or supports) S C {(i,7) |0 <i+j <
3} of size n + 1 = 3. We report the results in Fig. 3.

As for non-reduced R1d models, there are up to coordinate permutations only two
linear embeddings A; — Ay of the form (1) or (2) that can be used to construct M
from My. These can vary with the parameter A and are reported in Fig. 4 for A = 1/3.
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3. Chipsplitting games

In this section we lay some groundwork for proving Theorem 1.9. In particular, sym-
metry structures will help us cut down the number of cases considered, while Pascal
equations will help us distinguish chipsplitting outcomes from non-outcomes.

3.1. Symmetry

For every d € N U{oc}, define an action of the group Sy = ((12)) on Z"* by setting

(12) - (i) (i jyeva = (W5i) (i.)eVas

where clearly (12) - ((12) - w)) = w for all w € Z"*. We also let Sy act on Vy by
(12) - (5,) = (1),

The initial configuration is fixed by S5. Let w € ZVi p € Vy_q, and let @ be the
result of applying an (un)splitting move at p to w. Then (12)-@ is the result of applying
an (un)splitting move at (12) - p to (12) - w. So we see that if w is the outcome of an
irredundant chipsplitting game f, then (12) - w is the outcome of the chipsplitting game
(i,7) — f(j, 7). Hence the space of outcomes is closed under the action of S. Let w € Z"*
be a chip configuration. Then

supp*((12) - w) = (12) - supp™ (w), supp ™ ((12) - w) = (12) - supp™ (w),
supp((12) - w) = (12) - supp(w), deg((12) - w) = deg(w).

Furthermore, w is (weakly) valid if and only if (12) - w is (weakly) valid.

Example 3.1. The following two valid outcomes are mapped to each other by the element
(12).

The configuration corresponding to the model M from Section 1 is invariant under
the Ss-action.

3.2. Pascal equations

Another way to study the space of outcomes is via the set of linear forms that vanish
on it. A linear form on Z"4 is a function Z"V* — Z of the form

(Wi)gyeve = D CijWig,
(2,7)EVa
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which we will denote by Z(i J)evy CiiTig The group Ss acts on the space of linear forms

on ZV via

(12) Z CijTij = Z CjiLg,j-

(4,5)€Va (4,5)€Va

Definition 3.2. We say that a linear form Z(i fev, CijTij is a Pascal equation when

Ci,j = Ci+1,5 + Cij+1
for all (¢,7) € Vy—q.

This terminology is inspired by the Pascal triangle, whose entries satisfy the same
condition. The space of Pascal equations is closed under the action of Ss.

Pascal equations will help us throughout the rest of this article to distinguish chip
configurations which are outcomes from those which are not. In particular, these equa-
tions will play an essential role in formulating and proving the Invertibility Criterion
(Proposition 5.2), Hyperfield Criterion (Proposition 6.6), and Hexagon Criterion (Propo-
sition 7.1).

Proposition 3.3. Let (ag, ..., aq) be any vector of d + 1 integers.

(a) There exists a unique Pascal equation 3 Ci,jTi; such that co; = a; for all

©,J)EVq
0<j<d
(b) There exists a unique Pascal equation Z(i,j)evd ci,jTij such that c;0 = a; for all
0<17<d.

Proof. (a) Set ¢ ; := a; for all integers 0 < j < d and define

Ci+1,j = Ci,j — Cij+1

for all (7, j) € Vg via recursion on ¢ > 0. Then } ¢ jxi ; is a Pascal equation such

4,7)EVq
that cg ; = a; for all integers 0 < j < d. Clearly, it is the only Pascal equation with this

property.
(b) Let d; j = ¢j,, so that

(12) Z CijTi5 = Z di,jxi’j.

(4,5)€EVa (i,7)€Va

Then ¢y o = a, if and only if dg = a;, and hence the statement follows from (a). O

Our next goal is to prove that a chip configuration is an outcome if and only if all
Pascal equations vanish at it.
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Proposition 3.4. Let w € ZVe be a chip configuration. Then the value at w of any given
Pascal equation on ZVe s invariant under (un)splitting moves. In particular, all Pascal
equations on ZV4 vanish at all outcomes.

Proof. Let w = (w; ;)@ jyev, be a chip configuration and suppose we obtain w =
(Wij)@,jyev, from w by applying a chipsplitting move at (i,j") € V1. Let
Z(i,j)EVd ¢;,;%4,; be a Pascal equation. Then we see that

w;; —1 i (4,5) = (7', 5'),
~ wi7j—|—1 if (Z,j) = (’L'/—i-l,j),
2 : Ci,jWi,j = E Cij D " = E Ci j Wi j
i+ 1 if (¢,5) = (¢, 1),
(.)€ Va (.)€ Va wig + 1 AF G j). (.57 +1) (1,5)EVa
Wi, j otherwise

since cir41,42 + ¢y jo+1 — ¢ j» = 0, which proves the first claim. For the second claim it
suffices to note that all Pascal equations vanish at the initial configuration. O

Let w = (wj ;)i j)ev, be a degree-e chip configuration. Then there exists a unique
irredundant chipsplitting game that uses only moves at (i, j) € Vy_; with deg(i,j) = e—1
and that sets the values wg ¢, w1 e—1,...,We—1,1 to 0. Note that these moves do not alter
the alternating sum Yy _,(—1)*wy c—g. So, if >y _o(—1)*wg e—x = 0, this chipsplitting
game also sets we g to 0. This motivates the following definition.

Definition 3.5. Let w = (w; j)(;,)ev, be a degree-e chip configuration such that

€

Z(_l)kwk,efk =0.

k=0

The retraction of w is the unique chip configuration obtained from w using moves at
vertices (i,7) € Vg1 with deg(i,j) = e — 1 such that deg(w) < e.

Example 3.6. In the following picture, the rightmost chip configuration is the retraction
of the leftmost one. The retraction is obtained by a sequence of three chipsplitting moves
on the second (deg(i, j) = 2) diagonal of the grid: one unsplitting move followed by two
splitting moves. This works because in the leftmost configuration, the alternating sum
of the entries in the outermost diagonal (deg(i,j) = 3) is zero, therefore it is possible to
set that diagonal to zero via chipsplitting moves.

1

-1 . .1 -1 . .1 -1 . .1 -1 .1 .

Proposition 3.7. Let w = (w; ;)@ j)ev, be a degree-e chip configuration. Then w is an
outcome if and only if > j_o(—1)*wy.c—r, = 0 and the retraction of w is an outcome.
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Proof. If > i _,(—1)Fwy c—j = 0, then w and its retraction are obtained from each other
using finite sequences of moves. So it suffices to prove that Y, _(—1)¥wy . = 0 holds
when w is an outcome. Assume that w is the outcome of an irredundant chipsplitting
game f. Then e — 1 is the maximal degree of a vertex in Vyz_; at which a move in f
occurred. As moves at (i, j) preserve the value of ZZZO(—l)kwk,e—k for all (i,5) € Vg—q
with deg(i, j) < e — 1, we see that > ;_(—1)*wye—xr = 0. O

Proposition 3.8. Let w € Z"* be a chip configuration and suppose that all Pascal equa-
tions on ZV4 vanish at w. Then w is an outcome.

Proof. By Proposition 3.3, for every integer 0 < e < d there exists a Pascal equation

e = Z cl(»;)zi,j

(1,7)EVa

with céf;- =0 for j < eand 082 = 1. Note that cE? = 0 for all (¢,7) € Vg with deg(i,j) < e
and cfj)efk = (=1)* for k € {0,...,e}. Next, note that for e = deg(w) we have

e

S (-DFwi, = 6 (w) =0

k=0

and hence w has a retraction w’, at which all Pascal equations also vanish. Repeating the
same argument, we see that w’ also has a retraction w”, at which all Pascal equations
again vanish. After repeating this e+ 1 times, we arrive at a chip configuration of degree
< 0, which must be the initial configuration. Hence by Proposition 3.7, we see that w is
an outcome. 0O

Example 3.9. Let w,; be the chip configuration associated to the model M} from Sec-
tion 1. A general Pascal equation evaluated at w) gives

€20 + 2¢11 + o2 — oo = €10 + Co1 — Coo = 0,

therefore wy is an outcome. The first equality above corresponds to passing to the
retraction of w .

A chip configuration w € Z"* is an outcome if and only if all Pascal equations vanish
at w. In particular using a larger or smaller V for the same w, provided d’ > deg(w),
does not change the fact that w is a chipsplitting outcome. Later in this section we see
however that fixing a finite d is useful as it provides an additional basis to the space of
Pascal equations.

Definition 3.10. Let 0 < k£ < d be an integer.
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(a) We write 1y, for the unique Pascal equation Z(i,j)evd Ci,j%;; such that co ; = d;i
(b) We write ¢, := (12) - .

Proposition 3.11.

(a) We have

for all integers 0 < k < d.
(b) Every Pascal equation can be written uniquely as

d d
Zakz/)k (ar € Z) as well as Zbkﬁk (bp € Z).
k=0 k=0
When d < oo, the vy and v, form two bases of the space of Pascal equations.

Proof. (a) We have (—1)k+j(k3j) = §,1 and so it suffices to prove that
. %
> (=1 (k—j)x”
(4,5)€Va

is in fact a Pascal equation. Indeed, we have

)

for all (i,7) € Vg as (Zii) = (bil) + ($) for all integers a, b.
(b) Write

d d
Y gy = ate =Y bty
(4,5)€Va k=0 k=0
Then we see that

degi ) o deati) o
%= L a’“(_l)kﬂ<k ‘): 2 b’“(_l)kﬂ(kz‘)

k=j —J k=i
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for all (i,7) € V. We see that each ci,j is a finite sum. We also see that ¢y ; = a; and
ci,o = b; for all 4,7 € N<g4. So now the statement follows from Proposition 3.3. O

Example 3.12. For d = 7 and k = 3, the Pascal equation ¢, can be visualised by writing
the coefficients c; ; on the grid Vy as follows:

11 1 1 1

-1-2-3-4 -5

1 3 6 10 15

- -1 -4 -10 -20 -35
We note that the resulting picture is a rotated Pascal’s triangle with minus signs on even
rOws.

3.8. Additional structure for d < co

In this subsection, we consider a V; with d < oco. Since chipsplitting outcomes are
characterized by vanishing at all Pascal equations (Propositions 3.4 and 3.8), it will
be useful to have multiple parametrizations of the space of all Pascal equations. By
Proposition 3.11, we know that the 1/, and v, form two bases of the space of Pascal
equations on ZY4. When d < 00, we also have another natural basis which will be of
further help in Sections 5-7.

To introduce the new basis, we first prove that Pascal equations are characterized by
their coeflicients on the d-th diagonal.

Proposition 3.13. For every vector (ag,...,aq) € ZdH, there exists a unique Pascal
equation

> cigriy

(4,7)EVa

such that ck.q—r = ai for all integers 0 < k < d.

Proof. Let (ag,...,aq) € 2 set Cka—k = ai for k € {0,...,d} and, for e = d —
1,...,0, set che—k = Cht1,e—k + Che—k+1 for k € {0,..., e} recursively. Then

> i

(1,7)EVa

is a Pascal equation such that ¢, q—r = a, for all integers 0 < k < d. Clearly, this Pascal
equation is unique with this property. 0O
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Definition 3.14. Let (a,b) € V; with deg(a,b) = d. We write ¢, for the unique Pascal
equation Z(m-)evd ¢i ;x; j such that ¢; ; = d;4 (or equivalently ¢; ; = d;3) for all (4, 7) € Vg
with deg(i,j) = d.

Proposition 3.15.
(a) We have
d—(i+] d—(i+j
Pa,b = Z < ( . )) Lij = Z < ( . ) Ti 5
£ a—1 4 b—j
(1,5)€Va (4,5)€Va

for all (a,b) € Vi with deg(a,b) = d.
(b) The @qp form a basis for the space of all Pascal equations.

Proof. (a) We have

e () (05

for all (¢,7) € Vg with deg(é,j) = d. So it suffices to show that
d—(i+j

Z ( a(_i j)>xm

(i,5)€Va

is a Pascal equation. Indeed, we have

() )

for all (i,5) € Va_1 as (31]) = (,¢,) + (3) for all integers a,b.

(b) Every Pascal equation can be uniquely written as

Z Ci,jTi 5 = Z Ca,bPa,b-

(2,7)EVa (a,b)EVg\Va—1

So we see that the ¢, form a basis for the space of all Pascal equations. O

Example 3.16. For d = 7 and (a,b) = (3,4), the Pascal equation ¢, ; can be visualised
by writing the coefficients ¢; ; on the grid Vg as follows:
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11

11
4 3 2 1
10 6 3 1
20 10 4 1
3615 5 1

We note that the coefficients form a Pascal triangle.

Next, we define an action of S5 on Vy. For (4,j) € Vy we set

(12) ’ (Z’]) = (j7i)7 (132) ’ (Z’j) = (d - deg(i’j)7i)a
(23) ’ (Zvj) = (%d - deg(ivj )

We use this action to define an action of S3 on ZY¢ by setting

(12) - (wij) . pyeva = (Wj,i)(ig)eva
(123) - (wi ) . yeva = (=) wj a—deg(i,)) (i) eVa

for all w = (w; ;)@ jyev, € 7. Tt is a routine computation to verify that this determines
a well-defined action of S2. Under this action, we have

(13) - (wi )i jyeve = (DT Wadeg(i.g),) (i.5)eVa
(23) - (wi ) yeva = (1) Wi a—aeg(i.g)) (.) V>

(132) : (wi,j)(i,j)eVd = ((—1)d7iwd7deg(i,j),i)(z‘,j)evd-

We have o - supp(w) = supp(o - w) for all w € Z"* and o € Ss.

The way (12), (13) and (23) act on ZY¢ is vizualized below. The permutation (12)
switches the order of all entries of the same degree. The permutation (13) switches the
order of all entries of the same row and changes the signs of alternating rows. The
permutation (23) acts similarly on columns.

NN : BE

Proposition 3.17. The space of outcomes is closed under the action of Ss.
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Proof. Let w = (w; j)(; j)ev, be an outcome. We already know that (12) - w is again an
outcome. So it suffices to prove that (123) - w is an outcome as well. This is indeed the
case since

1

on((129)0) = (-0 X 7 ( )0 i

(i)j)evd N ]
k d—(i"+j')
= (—l)d k Z < ., wi',j’
@ eva N R

= (-1)"*ppa—k(w) =0
for all integers 0 < k <d. O

Example 3.18 (Example 1.1 continued). Let w be the chip configuration associated to
M as in Example 1.3. The orbit of (123) € S5 acting on supp(w ) is the following
sequence of supports.

* * *
* .. *
* * * ok % * *

3.4. Valid outcomes

In this paper, we are mostly interested in valid outcomes, since they correspond to
reduced R1d models as explained in Section 4.

Lemma 3.19. Let w = (w; ;) j)ev, € ZV be an outcome and suppose that supp™ (w) = 0.
Then w is the initial configuration.

Proof. We may assume that d < co. We have w; ; > 0 for all (¢,7) € V4. For every
(a,b) € Vg of degree d, the equation ¢, s(w) = 0 shows that w; ; =0 for alli € {0,...,a}
and j € {0,...,b}. Combined, this shows that w; ; = 0 for all (i,j) € V4. O

In particular, a valid outcome w with wg o = 0 is the initial configuration.
Proposition 3.20. Let w = (wi;)ijjev, € ZY" be an outcome and suppose that
#supp (w) = 1. Write ¢ = min{i | (i,j) € Vg | wi; # 0}, 7o = min{j | (i,)) €
Valw;j #0} andd =d—co—ro. Then

Vi
(Weoti,ro+4) (ig)evy € L7

is a valid outcome. In particular, if co = rg = 0, then w is a valid outcome.

Proof. We may assume that d < oo. First we suppose that c¢g = 79 = 0. Then the
equations g q(w) = 0 and ¢4,0(w) = 0 show that wy; < 0 and w; ¢ < 0 for some i,j €
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{0,...,d}. Since #supp~ (w) = 1, it follows that ¢ = j = 0 and supp~ (w) = {(0,0)}.
Hence w is indeed valid.

In general, we note that ¢ tq,r,+b vanishes on w for all (a,b) € Vg \ Va_1.
S0 @a,p vanishes on (weytirg+5)(ij)ev, for all (a,b) € Vi \ Var—i. This means that
(ch-i-i,ro—i-j)(i,j)eVd/ is an outcome to which we can apply the previous case. O

4. From reduced R1d models to valid outcomes and back

In this section, we continue to use the notion of a chipsplitting game and related
concepts (Definitions 1.4 and 1.6). We augment this notion by allowing chip configura-
tions to have rational or real entries (see Remark 1.5). We start by establishing a further
characterization of the space of outcomes.

Lemma 4.1. The space of integral (resp. rational, real) outcomes equals the kernel of the
linear map

Qg RV — R[t]gd

(Wi )i jyeva = Z w; it (1 —t)7
(isj)evd

where R =17 (resp. R=Q,R).

Proof. The map a, is the direct limit of the maps «a, for e < co. So we may assume
that d < oo. In this case, we know that the space of outcomes has codimenion d + 1
by Proposition 3.11(b). For a given polynomial p = 2?:0 cjt; € Rlt]<q, set w;; = ¢
when j = 0 and w;; = 0 otherwise. Then ag(w; ;)i j)ev, = p- So we see that aq is
surjective. Hence the kernel of a4 has the same codimension as the space of outcomes.
It now suffices to show that every outcome is contained in the kernel of ay. Note that
the initial configuration is contained in the kernel of agq. And, for w € RV, the value of
agq(w) does not change when we execute a chipsplitting move at (i,7) € Vy_1. Indeed,
we have

—t (1 —t) T =) (A=t =4 (1 =) (—1+t+ (1 1) =0
and so every outcome is contained in the kernel of ag. O

Let M = (wy,iy,7,)"_, be a reduced R1d model. Then M induces a real chip con-
figuration w(M) = (ws ;) j)ev.. by setting

~1if (i,5) = (0,0),
wi ;=< w, if (4,5) = (iy,J,) for some v € {0,...,n},
0  otherwise
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We have the following result.
Proposition 4.2.

(a) The map M — w(M) is a bijection between the set of reduced R1d models and the
set of valid real outcomes w € RY= with wo,0 = —1.

(b) Let S be the support of M. Then suppt(w(M)) = S.

(c) The map M — w(M) is degree-preseruving.

(d) The chip configuration w(M) is rational if and only if the coefficients of M are all
rational.

(e) Every valid rational outcome w € QY is of the form A\ for some \ € Q- and
valid integral outcome © € ZV>.

(f) Let w € RV be a valid real outcome with wy o = 0. Then w = 0.

Proof. (a) From Lemma 4.1, it follows that w(M) is indeed a valid real outcome with
value —1 at (0,0). Clearly, the map M — w(M) is injective. Let w € RY> be a valid
real outcome with wgo = —1 and write supp™(w) = {(i0,Jo),---, (in,Jn)} and take
wy, = w;, ;, forv =0,...,n. Then (wy,i,,j,)}—, is a reduced R1d model by Lemma 4.1.
Hence the map M — w(M) is also surjective.

(b)—(d) hold by definition.

(e) For every valid rational outcome w € QY= there exist an n € N such that
nw; ; € Z for all (i,7) in the finite set supp(w). Take @ := nw and X := 1/n € Q.
Then @ € Z"> is an valid integral outcome using Lemma 4.1 and w = .

(f) Since w is an outcome with supp™(w) = @, we know by Lemma 4.1 that
2o6.) w; ;t'(1 — ¢)7 = 0 for (i, j) ranging over supp™ (w) and, by evaluating at t = 1/2,
we see that supp™ (w) can only be the empty set. Hence w = 0. O

Example 4.3 (Ezample 1.1 continued). One can verify that w(M ) = wy .
Proposition 4.4. Theorems 1.2 and 1.9 are equivalent.

Proof. By Remark 2.10, we know that for Theorem 1.2 it suffices to only consider fun-
damental models. Since the constraint ) p, = 1 of Definition 2.6 has coefficients in the
rational numbers, the coefficients of a fundamental model are rational. Hence it suffices
to only consider rational coefficients.

By Proposition 4.2 (e), every valid rational outcome is a positive multiple of a valid
integral outcome. The space of outcomes is closed under scaling, and scaling does not
change the degree or size of the positive support of a chip configuration. Hence for
Theorem 1.9 it suffices to consider all valid rational outcomes w with wg o = —1.

The required equivalence is now given by Proposition 4.2 (a)—(d). O

Next, we consider the chipsplitting equivalent of fundamental models.
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Definition 4.5. A valid outcome w € Z"*\{0} is called fundamental if it cannot be
written as

W = Q1w + poWsa,

where p1, 2 € Qg and wy, wo € 7" are valid outcomes with supp™ (w1 ), suppt(ws) C
supp ™t (w).

Applying Proposition 2.9 and keeping track of rational coefficients, we conclude the
following.

Proposition 4.6.

(a) Let M be a R1d model with rational coefficients and let n € N be any integer such
that w = nw(M) is an integral chip configuration. Then M is a fundamental model
if and only if w is a fundamental outcome.

(b) In particular, fundamental models correspond one-to-one with fundamental integral
outcomes w with ged{w; ; | (¢,j) € supp(w)} =1. O

Example 4.7 (Example 1.1 continued). The valid outcome w is fundamental because
M is a fundamental model.

We close this section with a general observation about fundamental outcomes.

Proposition 4.8. Let w be a degree-d fundamental outcome with # supp™(w) = n + 1.
Then n <d.

Proof. Recall that if M is a fundamental model with support S C Z?2 \ {(0,0)}, then
M is the only rational one-dimensional model with support S. In terms of outcomes,
this means that there exists a valid outcome w’ with supp™*(w’) C S and that the space
of outcomes whose support is contained in S U {(0,0)} is spanned by w’. In particular,
this space must be 1-dimensional. When n > d, the space of chip configurations w’
with supp(w’) € S U {(0,0)} has dimension > d + 1. The subspace of outcomes has
codimension < d + 1 and hence has dimension > 2 in this case. Son <d. 0O

5. Valid outcomes of positive support < 3

From now on, we will always assume that d < oco. Since every chip configuration has
finite degree, this assumption is harmless. In this section, we prove Theorem 1.9 for valid
outcomes whose positive support has size < 3. To do this, we introduce our first tool,
the Invertibility Criterion, which shows that certain subsets of V; cannot contain the
support of an outcome.
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5.1. The invertibility criterion

Let S C Vg and E C {0,...,d} be nonempty subsets of the same size < d + 1. The
Invertibility Criterion (Proposition 5.2) will help us detect, with the right choice of E,
whether S can be the support, or contain the support, of some outcome.

Definition 5.1. We define

A(d) L <<d - deg(i,j)))
E,S s
a—t a€E,(i,j)€S

to be the pairing matriz of (E,S).
Let w = (wi )@ )ev, € 7" be an outcome such that supp(w) C S.

Proposition 5.2 (Invertibility Criterion). If A%‘i)s is invertible, then w is the initial con-
figuration.

Proof. Suppose that supp(w) # 0. Then
d
(wij)agyes 20, A (wi)ijes = (Pad—a(w))acr =0
and hence Ag,)s is degenerate. O

Our goal is to construct, for many subsets S C Vy, a subset E such that Ag)s is
invertible. We do this by dividing the pairing matrix into small parts and dealing with
these parts separately.

5.2. Dividing the pairing matriz into smaller parts
Let A = (A1,...,A\¢) € N* be a tuple of integers adding up to d + 1. Write ¢; =

AM+...+ N foried{0,...,¢}. For ke {1,..., 0}, let Sp:={(4,5) € S| ck—1 < i <}
Assume that the condition

#S1 € {0, \i}

is satisfied for every k € {1,...,¢}. Lastly, set

B, — {Ck—lack—l +1,...,c — 1} if #S, = A,
" 0 if Sy = 0,

where the top row indicates consecutive integers ranging from c;_1 to ¢ — 1.
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Remark 5.3. Not all subsets S will admit a tuple A as above such that #Sy € {0, A\x}
for all k. For instance, let S be the set of positions marked with an * in the following

picture.
*

* k.

Since d = 2, such a A would have A\; € {1,2,3}. But if A\; = 1 then #S; = 2 # Ay,
and if A; € {2,3} then #5; =4 # A;. So this S does not admit a A with this property.
For other S, one can try to define such a A recursively by, for k = 1,2,..., picking A
minimal such that #Si € {0, A }. We stop when ¢, = d+ 1. This will work exactly when

#(,j)eS|lizd-k}<k+1
for all k € {0,1,...,d}.

Proposition 5.4. Take E = E1 U---UE,. Then #FE = #S and we have

d

AEEI),Sl 0 .. 0
. .

A(E,)s =
: . 0
(d) (d)
AP  AD
. ). oo . (d) (d)
In particular, the matriz Ag g in invertible if and only if all of A’ o ..., AR, s, are.

Proof. It is clear that #F = #5 and

d d
A(El),sl e A(E‘l),Sg
) i .
A(E,)S’:
d d
Ags, - AR,

We need to show that A(? = 0 when k < k’. Indeed, when k < k', a € E}, and
B, Sy
(i,7) € Sk, then

(d — deg(i,j)> —0

a—1
since a < ¢ < cpr—1 < 4. So A%ik) S =0when k<k'. O

Example 5.5. Take d = 6 and let S be the set of positions marked with an * below.
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The construction from Remark 5.3 yields the tuple A = (2,1,1,1,1,1). We get

S1= {(0,0), (074)}7 E, = {07 1}a
Sy = {(270)}7 E; = {2}7
S3 = @, E3 - 0,

Sy = {(47 1)}7 Ey= {4}7
Sy = {(570)}a Es = {5}7
Se = {(670)}a Eg¢ = {6}

A0 0 0 0 110000
* Agj 5, 0 0 0 6 2 0 0 0 0
d ’ d * x 1 0 0 O
* * * A%?,Ss 0 * % % x 1 0
% % % % Al * ok ok % ok 1
Es,Se

is invertible. Hence S does not contain the support of a nonzero outcome.
5.8. Analyzing the invertibility of the smaller pairing matrices

Using Proposition 5.4 to divide the pairing matrix Ag)s into manageable blocks, we
get subsets Sy C S that are progressively further away from the y-axis of the grid as k
grows. The next proposition says that we can shift these subsets back toward the origin.

Proposition 5.6. Let S C V; and E C {0,...,d} and
z:=min(EU{i| (3,5) € S}).
Let 8' = {(i—,j) | (i,j) € S} and E' = {a — x| a € E}. Then Ay = A% ).
Proof. This follows directly from the definition of the pairing matrix. O
We now consider pairs (S, E') where i < #S for all (i,j) € Sand F = {0,...,#S—1}.
Proposition 5.7. Suppose that one of the following holds:

(a) We have S = {(0,4)} for some 0 <i <d and E = {0}.
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(b) We have S = {(0,%),(0,7)} for some 0 <i<j<dand E={0,1}.

(¢) We have S = {(0,1),(0,7),(0,k)} for some0<i<j<k<dand E={0,1,2}.

(d) We have S = {(0,1),(0,7), (1, k)} for some 0 <i<j<dand0<k<d-—1 such
that i +j # 2k +1 and E = {0,1,2}.

Then Ag,)s is invertible.
Proof. We prove the proposition case by case.
(a) When S = {(0,4)} for some 0 < i < d and E = {0}, we see that A(;,)s = (1) is

invertible.
(b) When S = {(0,4), (0,7)} for some 0 <i < j <dand E ={0,1}, we see that

(d 1 1
Aps = (d—i d—j)
is invertible.

(¢) When S = {(0,4),(0,5),(0,k)} for some 0 <i < j <k<dand E={0,1,2}, we

see that
1 1 1 1
1 Ag)s =|lxz vy =z
1 2 ’ x? y? 22

is a Vandermonde matrix, where (z,y,2) = (d—1i,d — j,d — k). Hence A(g,)s is invertible.
(d) When S = {(0,4),(0,7),(1,k)} for some 0 <i < j<dand 0 <k <d—1, we see
that

1 1 1 1 1 0 0
1 2 ' 1 1 22 r4+y 2241

where (z,y,2) = (d—i,d—j,d—1—k). Assume that i+j # 2k+ 1. Then x +y # 2z +1
and hence A }g,)s is invertible. O

5.4. Valid outcomes of positive support < 3

We now classify the valid outcomes of positive support < 3. Recall that a valid outcome
is a chip configuration w with supp~ (w) C {0,0} such that all Pascal equations vanish
at w (Propositions 3.4, 3.8). We start with the following lemma.

Lemma 5.8. Let w be a valid outcome of degree d > 1. Then the following hold:

(a) There arei,j € {1,...,d} such that (i,0),(0,7) € supp™ (w).
(b) There are distinct i,j € {0,...,d} such that (i,d — i), (j,d — j) € supp™ (w).
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Proof. We use the Pascal equations ¢, from Proposition 3.11. For d = 3, the coefficients
of 19, 1y, and 14 (left to right) look as follows:
1 -1
1 - -1
.. 1 . . R
1111 1 -1
(a) Since deg(w) > 0, we see that w is not the initial configuration. Since w is valid,
by Lemma 3.19 we therefore have wgo < 0. Since thg(w) = 0, there must exist an
i € {0,...,d} such that w; o > 0. Likewise, since 1,(w) = 0 there exists j € {0,...,d}
such that wg ; > 0.
(b) Since deg(w) = d, thereisani € {0,...,d} such that (i,d—i) € supp™* (w). Because
of the alternating coefficients of 14 on the outermost diagonal and since ¢4(w) = 0, we
see that there must also be a j € {0,...,d}\ {i} such that (j,d — j) € suppt(w). O

Proposition 5.9. Let w be a valid degree-d outcome and assume that # supp™(w) < 2.
Then

supp ™t (w) = {(1,0), (0,1)}.

Proof. By the previous lemma, we see that

supp(w) = {(0,0), (0,d), (d,0)} =: S.

Assume that d > 2. Then the construction from Remark 5.3 yields A = (2,1,...,1) € N¢
We get S1 = {(0,0),(0,d)}, S, = 0 for k € {2,...,d — 1} and Sq = {(d,0)}. Using
Propositions 5.4 and 5.6, we get

@ (d)
Af{d) Vs = (A{o,l},51 (d? ) (A{o 13,51 © 0 )
0,1,d},8 — =
*  Agys, * Aoy (0.0))

and by Proposition 5.7 the submatrices on the diagonal are both invertible. So A%)l d}.5
is invertible. This contradicts the assumption that supp(w) =S andsod=1. O

Lemma 5.10. Let w be a valid degree-d outcome and assume that # supp™ (w) = 3. Then
one of the following holds:

(a) We have supp(w) = {(0,0), (d,0), (0,d), (i,5)} for some i,j > 0 with deg(i,j) < d.
(b) We have supp(o - ) = {(0,0),(d,0), (0,d), (e,0)} for some o € S5 and 0 < e < d.
(c) We have supp(o - w) = {(0,0),(d,0),(0,e),(d — f, f)} for some o € Sy and 0 <

e, f<d.

Proof. When (d,0),(0,d) € supp(w), then it is easy to see that (a) or (b) holds. So
suppose this is not the case. Since # supp™(w) = 3, we must have (d,0) € supp(w) or
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(0,d) € supp(w) by Lemma 5.8. So there exists an o € Ss such that (d,0) € supp(o - w)
and (0,d) ¢ supp(c - w). Now supp(c - w) = {(0,0), (d,0), (0,¢), (d — f, f)} for some
0<e,f<dby Lemma 5.8. 0O

We now apply the Invertibility Criterion to the possible outcomes in each of these
cases.

Proposition 5.11. Let w be a degree-d outcome and assume that
supp(w) = {(07 0)’ (d7 0)7 (07 d)v (Zv]>}
for some i,5 > 0 with deg(i,j) < d. Thend =3 and (i,5) = (1,1).

Proof. Assume that ¢ > 1. Then the Invertibility Criterion combined with Proposi-
tions 5.4, 5.6 and 5.7 with A = (2,1,...,1) yields a contradiction. Indeed, we would find
that

(d)
“ Afg1y.s, (Cg 0
A{O,l,i,d},S = * A{i},s2 0
* * A(d)
{d}’s3

is invertible where S = S; U Sy U S5 = {(0,0),(0,d)} U {(4,5)} U {(d,0)}. So i = 1.
Applying the same argument to (12) - w shows that j = 1. Assume that d > 3. Then we
apply the same strategy again with A = (3,1,...,1). We get a contradiction since

(d)
AD = (A{o,l,z},sl (d? )
12,4}, . A9

is invertible, where S = 57 U Sy = {(0,0), (0,d), (1,1)} U{(d,0)}, by Proposition 5.7. So
d=3. O

Proposition 5.12. Let w be a degree-d outcome and assume that
supp(w) = {(0,0), (d,0), (0,d), (¢,0)}
for some 0 <e<d. Thend=2 ande=1.

Proof. The Invertibility Criterion with A = (2,1,...,1) yields e = 1. The Invertibility
Criterion with A = (3,1,...,1) applied to (12) - w now yields d =2. 0O

Proposition 5.13. Let w be a degree-d outcome and assume that

Supp(w) = {(0’0)7 (d’ 0)7 (076)’ (d = f)}
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for some0 < e, f <d. Thend=2 ande= f=1.

Proof. The Invertibility Criterion with A = (2,1,...,1) yields (d— f, f) = (1,d —1). In
particular, we have e < f. Applying the same argument to (12)-w with A = (2,1,...,1)
ife#£ forA=(2,1,...,1,2,1,...,1) if e = f, we find that e = 1. In the latter case, we
have E = {0,1,e,e+ 1} and S = {(0,0), (0,d), (e,0), (e, 1)} so that

(d)
A(d) — A{0,1}751 0
E.S ) AW

{0,1}.5>

where S; = {(0,0),(0,d)} and Sz = {(0,0),(0,1)}. The Invertibility Criterion with
A=(3,1,...,1) now yields d =2. O

Theorem 5.14. Let w be a valid outcome of positive support < 3. Then w is a nonnegative
multiple of one of the following outcomes:

Proof. We know by the previous results that supp™ (w) is one of the following:

{(0,1), (1,0)},{(0,3), (1,1),(3,0)},{(0,1),(0,2), (2,0)}, {(0,2), (1,0), (2, 0)},
{(0,2),(1,1),(2,0)},{(0,1), (1,1),(2,0)},{(0,2), (1,0), (1, 1)}

For each of these possible supports E, we compute the space of outcomes whose supports
are contained in EU{(0,0)} by computing the space of solutions to the Pascal equations
of the corresponding degree. For each E, this space has dimension 1 (over Q). We find
that the outcomes with support

{(0,0),(0,1),(0,2),(2,0)} and {(0,0),(0,2),(1,0),(2,0)}

are never valid. In each of the other cases, every valid outcome is a multiple of one in
the list. O

Example 5.15. We illustrate the last step of the proof of Theorem 5.14 in which we
compute the space of outcomes with given support. Let d = 3. Then the following
coefficients give a basis of the Pascal equations on V; (by Proposition 3.15):

1

1. 11 .o
1 .- - 21 - 111 P
1 31 321 1111

Consider the support S = {(0,0), (0, 3), (1,1), (3,0)}, illustrated by the following picture:
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* .. ok

According to the Pascal equations, chip configurations w with this support are outcomes
if and only if they satisfy

w0 = —Wp,3, JWo,0 = —W1i,1, Wo,0 = —W3yQ.

Therefore, the space of such outcomes is one-dimensional and it contains the valid out-
come

(wo,0,wo,3, w30, w1,1) = (—1,1,1,3).

For a negative example, let d = 2. Then the space of Pascal equations is spanned by
three equations given by the following coefficients:

1
1. 11 .
1. - 21 . 111
Combined with the support
*
* .
* . ox
these equations lead to the conditions
wo,0 + wo,1 +wo2 =0, 2weo=—wp1, Woo=—W2p.

The space of solutions to these equations is again one-dimensional but none of the nonzero
solutions are valid because the equations imply wg0 = wo 2.

6. Valid outcomes of positive support 4

In this section we prove Theorem 1.9 for valid outcomes whose positive support has
size 4. To do this we introduce our second tool, the Hyperfield Criterion, which shows
that certain subsets of V; cannot be the support of a valid outcome. We first recall the
basic properties of hyperfields.
6.1. Polynomials over hyperfields

Denote by 2 the power set of a set H.

Definition 6.1. A hyperfield is a tuple (H, +, -,0, 1) consisting of a set H, symmetric maps

o—|—o:HxH—>2H\{@}, e.o: HxH—H
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and distinct elements 0,1 € H satisfying the following conditions:

a) The tuple (H \ {0},-,1) is a group.
b) Wehave 0-z=0and 0+ z = {z} for all z € H.

(a)

(b)

(c) We have e,y (w+2) = Uyeyr (@ +w) forall z,y, 2 € H.
)
)

(d) Wehavea-(x+y)=(a-x)+ (a-y) for all a,z,y € H.
(e) For every x € H there is an unique element —x € H such that z + (—x) 2 0.

For subsets X,Y C H, we write

X+Y:= U (x + ).
zeX,yeY

We also identify elements y € H with the singletons {y} C H so that

y+ X =X+y:= U(m—i—y)
reX

With this notation, condition (c) can be reformulated as (r +y) + 2z = x4+ (y + ) for all
z,y,z € H.

See [5] for more background and uses of hyperfields.

Definition 6.2. Let H be a hyperfield.

(a) A polynomial in variables x1,...,x, over H is a formal sum

k kn
[ = E Sky. kL1’ Ty

where sg, , € H and #{(k1,...,kn) € Z%¢ | s1,..x, # 0} < 00.
(b) We denote the set of such polynomials by H[z1,...,z,].

(c) For s1,...,8, € H, we write
k
f(s1y.00,8n) = Z Sky. kS8t CH,
k1,..ey kn€Z>0
and we say that f vanishes at (s1,...,s5) when f(s1,...,s,) 3 0.

6.2. The sign hyperfield

For the remainder of this paper we let H be the sign hyperfield: it consists of the set
H = {1,0,—1} with the addition defined by
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O+xz=2, 1+1=1, (-1)+(-1)=-1, 1+4+(-1)={1,0,—-1}
and the usual multiplication.

Definition 6.3. Let H be the sign hyperfield and let

k kn
f= E Chy ok, Tyt xpt € Ry, .o, @]
kla-uvknezzo

be a polynomial. Then we call

sign(f) == Y sign(ek, )2yt 2k € Hlzy, ., 2]
k1,....kn€Z >0

the polynomial over H induced by f. We also write
sign(w) := (sign(wy), . ..,sign(wy,))
for all w = (wy,...,w,) € R™.

Let ¢ be a Pascal equation on Z"%. Then we can represent sign(¢) as a triangle consist-
ing of the symbols +, ., - indicating that a given coefficient equals 1,0, —1, respectively.

Example 6.4. Take d = 5. Then the linear forms sign(¢g,q—x) for £ = 0,...,d can be
depicted as:

+ .
+ + + .
+ + + + 4+
+ + o+ + 4+ + o+ 4+
+ + + + o+ o+ o+ o+ + o+ o+ o+
+ + + + + + + o+ o+ + o+ o+ o+ o+ + o+ o+ o+ o+ o+
The linear forms sign(vy) for k =0, ...,d can be depicted as:
+
+ + -
+ 4+ - - +
+ 4+ + + - - - o+ o+ e =
+ 4+ + + + = - = = e+ o+ o+ e = = e+
+ o+ o+ o+ - - - - - o+ 4+ o+ - e+ o+ e =
The linear forms sign(t;,) for k =0,...,d can be depicted as:
+ - + - + -
+ -+ + - -+ + - +
+ -+ . + - 4+ -+ - -+ -
+ -+ . + -+ . + -+ + - +
+ -+ . -+ . -+ -+ -
+ + . + . + + +
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Proposition 6.5. Let H be the sign hyperfield and f € Rlxy,...,z,]. Suppose that f
vanishes at w € R™. Then sign(f) vanishes at sign(w) € H™.

Proof. Write w = (wy,...,wy), s = (S1,...,8,) = sign(w) and
F= ) chkaahteakn
ki,...kn€Z>o

Then we have

ki,...,kn€Z>0

If cklmknwlfl coowkn =0 for all ky,...,k, € Z>o, then sign(f)(s1,...,s,) = {0} 2 0

since all summands are zero. Otherwise, we have Cglmg"wfl ~~wa" > 0 for some

Z, e .
by .y € Lo and cgp g wy' ---wyt < 0 for some £, ..., 0, € Z>q. In this case,

sign(f)(s1,...,8n) has both 1 and —1 as summands, so sign(f)(s1,...,s,) =H 0. O
6.3. The hyperfield criterion

We now state the Hyperfield Criterion. Let S C V; \ {(0,0)} be a subset and define
s = (si,j)(i.j)eva € H by

—1 when (4,5) = (0,0),

sij:=14 1 when (3,j) €5,
0 otherwise.

Let w = (w; ;) (i 5)evy € Z"* be a valid outcome.

Proposition 6.6 (Hyperfield Criterion). Suppose that sign(¢) does not vanish at s for
some Pascal equation ¢ on ZV*. Then supp™t (w) #8S.

Proof. Suppose that supp’(w) = S. Then sign(w) = s. Since all Pascal equations ¢ on
ZV* vanish at w, we see that all polynomials over H induced by Pascal equations on Z "4
vanish at s by Proposition 6.5. O

6.4. Pascal equations

In this subsection, we consider the equations over H induced by the Pascal equations
Ve, Yps Pap for k € {0,...,d} and (a,b) € V; of degree d.

Definition 6.7. Let s = (s;;) . j)ev, € H".
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(a) We call s a sign configuration.

(b) The positive support of s is supp™ (s) := {(¢,7) € V4 | s:; = 1}.

(¢) The negative support of s is supp~(s) := {(i,j) € Va | s, = —1}.

(d) The support of s is supp(s) := {(i,7) € Va | sij # 0} = supp™(s) Usupp™(s).

(e) We call deg(s) := max{deg(i,7) | (¢,7) € Va,si; # 0} the degree of s.

(f) We say that s is valid when s = 0 or supp—(s) = {(0,0)}.

(g) We say that s is weakly valid when for all (i,7) € supp~ (s) one of the following
holds:

(a) 0<i,j <3,
(b) 0 <4 <3 anddeg(i,j)>d-—3,or
(¢) 0<j <3anddeg(i,j) >d—3.
Lemma 6.8. Let w € Z" be a chip configuration.
(a) We have supp™ (sign(w)) = supp™ (w).
(b) We have supp~ (sign(w)) = supp ™ (w).
(¢) We have deg(sign(w)) = deg(w).
(d) The sign configuration sign(w) is (weakly) valid if and only if w is (weakly) valid.
Proof. This follows from the definitions. O

Lemma 6.9.

(a) We have

sign(vq.b) ZZJEW

1=0 j=0
for all (a,b) € Vy of degree d.
(b) We have
sign(yg) = Z i — Z x;; and sign (v Z Tji— Z T
(i.9)€S;F (i,)€Sy (i.4)€S} (i.4)€S);
where
Si={(i,j)|0<j<k, k-j<i<d-—j j=k (mod?2)},
Sy ={@,4)|0<j<k, k—j<i<d-—j, j#k (mod2)}

for all k € {0,...,d}.
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Proof. This follows from Propositions 3.15 and 3.11. 0O

Proposition 6.10. Let s € HY be a valid sign configuration of degree d > 1.

(a) For (a,b) € Vy of degree d, if sign(p,p) vanishes at s, then Sign(cpa b)(s)=H

(b) If sign(tg), . . .,sign(vq) vanish at s, then sign(yg)(s) = --- = sign(yq)(s) = H.
(c) If sign(vy), - . ., sign(,) vanish at s, then sign(1,)(s) = --- = sign(,)(s) = H
Proof. Note that since deg(s) = d > 1, we have soo = —1, s;; > 0 for all (i,5) €

Va\{(0,0)} and sy 4—r = 1 for some k € {0,...,d}.
(a) Let (a,b) € V; have degree d and suppose that

a b
ZZSM > 0.

i=0 j=0

Since sg0 = —1, this is only possible when s; ; = 1 for some ¢ € {0,...,a} and j €
{0,...,b} and so sign(wa)(s) = H.
(b) Suppose that sign(tyg),...,sign(¢4) vanish at s. We have

sign(¢x) = E Tig — Z Ti,j

(i.4)€S (1,5)€S)

where S, S, C Vy are as in Lemma 6.9. We have ¢y = @40 and so sign(io)(s) =
sign(¢a,0)(s) = H. For k > 0, note that (0,0) ¢ S;7 US, and in particular s; ; > 0 for
all (i,5) € S U S, . So for each k € {1,...,d}, we see that either

(ax) s;; =0 forall (¢,5) € Sl‘: us,; or
(by) s;; =1 for some (i,5) € S and s; ; = 1 for some (i,5) € S, .

We prove that (bg) holds for k = d, . .., 1 recursively, which implies that sign(v)(s) = H.
The union S U S, consists of all vertices in V; of degree d. So (a4) cannot hold. So
(bg) holds. Next, let k € {1,...,d — 1} and suppose that (bg41) holds. Then s; ; =1 for
some (i,j) € S; ;. We have S, C S5 and hence (aj) cannot hold. Hence (by) holds.
So (bg) holds for all k € {1,...,d}.
(¢) The proof of this part is the same as that of the previous part. O

Remark 6.11. Let w € Z" be a valid outcome of degree d. Then sign(¢) vanishes at
s = (8i,j)(i,5)eva = sign(w)
for all Pascal equations ¢ on ZVe. Proposition 6.10 tells us that in this case, we have

Sign(@o,d)(s)v s 7Sign(§0d,0)(s)» Sign(’l/)o)(s)y ceey Sign(’t/)d)(s)’ Sign(@o)(s): ceey Sign(@)(s) =H,
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which shows that the following hold:

(a) for all (a,b) € Vy of degree d, there exist i € {0,...,a} and j € {0,...,b} with
sij =1

(b) for all k € {1,...,d}, there exist (i,7) € S;” with s;,; = 1 and (i,7) € S, with
85,5 = 1; and

(c) for all k € {1,...,d}, there exist (i,j) € S} with s;; = 1 and (i,j) € S, with
Sji = 1.

Here we note that s;; = 1 if and only if (4,j) € supp™(w). So we can view these
conditions as restrictions on the set supp™ (w).

6.5. Contractions of hyperfield solutions

In this subsection we make progress by reducing the set of things to be considered
for our classification from infinite to finite. For a weakly valid s € H"* we define a
hyperfield vector contry(s) € H= where Z is a finite set which is independent of d. The
vector contrg(s) is obtained from s by considering only a subset of the entries of s, and
by replacing certain sets of entries of s (with cardinalities growing linearly with d) by
their sum (with cardinality one). We call contrg(s) the contraction of s because we think
of this summation of entries of s as a contraction of s. The elements of H= have their
own notion of being valid such that

s valid = contry(s) valid.

This turns out to be enough to classify valid chipsplitting outcomes w of positive support
4 by passing to contry(sign(w)) and analyzing the finitely many possibilities.

We start by considering the four-entries thick outer ring of the triangle V,;. We divide
the outer ring into six areas as illustrated in Fig. 5. One of these, Area D, splits further
into D and DM according to the parity of the i-coordinate of its entries.

Let z; ; be the formal variables indexed by the elements of V;. We rename and combine
these variables according to their assigned area:

Yij = Tid-3-i+; ford,j€{0,...,3},

Zij = Td—3—j+i,j for 1,j € {0, ceey 3},
b=t a; forje{0,...,3},
¢ = Z;l;jﬂ' x;; forie{0,...,3},

d'ch) = £212747k)/2j X20,d—2¢—k for k € {07 ceey 3},

di}) = Zé(j{s*m/z] T2441,d—(204+1)—k for k € {0,...,3}.
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4
Y
C D

4 X B Z
4 4

Fig. 5. Dividing the outer ring of the triangle V; into six areas for Subsection 6.5. The area D splits into
two parts D©) and DM by alternating the columns.

For the bs, cs, and ds, this results in compressing a number of variables that grows
linearly with d down into a single variable, whereas the renamings of the first two lines
are just for convenience. Next, we consider two sets @1, ®5 of Pascal equations on Vj
defined by

(bl = {1/)1’77[12;1/’37
1, Uy, 3, Oy = {tg—_3,Va—2, Va1, %q,
©Y1,d—1,¥P2,d—2; P3,d—3> Ed—&@d—%@d—h@d}y

Pd—1,1,Pd—2,2, @d—3,3}7

and call their union ®. We want to apply these Pascal equations to valid sign configu-
rations s € H4. The next two lemmas show that this operation is governed by a finite
set of linear forms over H which is independent of d. We assume that d is large enough
to have each of the above variables defined. Specifically, the assumption d > 11 ensures
that all x; ;, yi.;, 21,5, b;, ¢i, and d,(co) are defined, whereas d > 12 additionally ensures
that all dg) are defined.

Lemma 6.12. Assume that d > 11 and let ¢ € ®1. Then

sign(¢) = Qg(ffi,jayi,j, 2 5,b;, ¢, d;(go)>d;(¢1))

for some linear form

;Zg(xi,j7yi,j7Zi,j7bj7ciad](g())adl(gl)) € H[Ii,jayi,jaZi,jabjaci7d590)7d§gl) ‘ i?ja k € {07 e 73}]

Moreover, the linear form (;AS does not depend on d.

Proof. As illustrated in Example 6.4, the equations 1, 1, and 15 are supported in
the sections Y, C', and X from Fig. 5. Furthermore, the signs of their coefficients are
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constant along the columns of C. Therefore, the set of coefficients in column ¢ of g may
be rel)laced with a single coefficient of the variable ¢;. This results in linear forms 1y, ¥,,
and 5 over H where only the variables z; ;, y; ; and ¢; appear. The coefficients of these
linear forms are independent of d because the constant sign of the v, along the columns
of C does not change with d. The same argument applies to the equations ¢1 4-1, ¥2,4—2,
and ¢3 4—3. The remaining Pascal equations in ®; are handled by a symmetric argument
involving the sections X, B, and Z and their associated variable, considering the rows
of B instead of the columns of C. O

Example 6.13. Take ¢ = @3 4—3. We can depict sign(¢) as follows (for d = 11):

+ + + +|+ + + v+
+ + + +[+ + o+
+ + + +[+ A+ + o+
+ + + [+ + o+

Take

SOSd 3 —Zzwz,]+zcz+zzyz,j~

=0 j=0 =0 j=0
Then we see that
3 d-3
sign(ys,a—3) = E Zi

i=0 j=0
3 3 3 3

= E E E (Tia+ ...+ Tiag—a—i) + E E Ti,d—3—itj
i=0 j=0 i=0 i=0 j—0

= 03,4-3-

Indeed, the linear form a is the same for every d > 11.
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Lemma 6.14. Assume that d > 12 and let ¢ € ®5. Then

O (@i g Yigs 25 0y Cor )y i) when d s even,
$Odd (l'i,j, Yig» Zij Ug, Cis d}scO)7 dl(cl)) when d is odd

sign(¢) = {

for some linear forms
(Eeven) $Odd S H[Ii“j, Yi,jy %ij bj, Ci, d;co), dg) ‘ i7j, ke {0, A ,3}]
Moreover, the linear forms QASe"en, $0dd do not depend on d.

Proof. Analogous to the proof of Lemma 6.12. As Example 6.4 illustrates, the equations
in ®5 are supported in Y, D, and Z. The signs of their coefficients alternate along
each northwest-to-southeast diagonal of D. Therefore, the coefficients of the variables
associated to these diagonals may be replaced by a single coefficient in front of the
difference (dg)) — d,(cl)). This results in linear forms over H where only the y; ;, 2, dg)),
and dg) appear. These linear forms are independent of d of the same parity, which can
be seen most directly by applying the formulas for the ¥ and 1 in Proposition 3.15. O

Remark 6.15. For different parities of d, the {j;d,k differ in Z while the ¢, , differ in Y
and D.

Example 6.16. Take ¢ = 14_3. We can depict sign(¢) (for d = 12) as follows:

Take
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Then we see that

d—3 3
sign(¢a—s) = (—=1)47° Z Z(*l)jxd—s—jﬂ‘,j‘
j=0 i=0
3 [ 1 3 ) )
=3 D ria s iy = > (-1 Ay
i=0 j=0 i=0 k=0
3 3
Y Y ()T gy
j=0 i=0

_ 5 when d is even,
9dd " when d is odd.

Indeed, the linear forms (;ASe"en and qASOdd are independent of d for d > 12.

Next we carry out the same subdivision as above but with the coordinates of the
elements s € H"* instead of formal variables. We start by defining the index set

=2=1{0,1,2,3}21{0,1,2,3}20{0,1,2,3}2 U {0,1,2,3} U {0,1,2,3} LU {0,1,2,3} U {0,1,2,3}.
We write elements of H= as
0= (s, t,a,B,7)
= ((SiJ)?,j:O’ (Ti,j)ij:m (tm)?,j:m (%‘)?:07 (5j)?:07 (71&0))2:07 (712”)%:0) .
Definition 6.17.

(a) We say that 6 is valid when 8 = 0 or when so o = —land r; ;,t; ;, o, B;, 'y,go), 'y,(cl) >0

for all 4, j, k € {0,...,3} and s; ; > 0 for all (i,5) € {0,...,3}*\ {(0,0)}.
(b) We say that 6 is weakly valid when ai,ﬂj,fy,(go),fy,(cl) >0 for all 4,5,k € {0,...,3}.

Thus 6 is weakly valid if and only if its negative support is contained in the areas

X,Y, Z of Fig. 5.
For d > 11 and s = (si,j)(i,5)ev, € H"* weakly valid, we write

0 1 =
contra(s) = ((si.9)3=0: (ri.g)% =0, (413 j=0: (00)i=0: (8))=0: (W Vim0 (11 )Emo ) € HE,
where we have

Ti,j = Si,d737i+j fOI‘ l,j S {0, e ,3},

tij = Sa—3—j+ij fori,j€{0,...,3},
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Yo,3

Yo,2  Y1,3

Yo,1 Yi,2 Y2,3
Yo,0 Yi,1 Y22 Y33

co Y1,0 Y21 Y32 déo)

Co Cc1 Y2,0 Y31 d(lo) d(()l)

Co C1 C2 Ys,0 d(QO) dgl) ng)

Cco C1 Cc2 C3 dgo) dgl) ng) dél)

Cco C1 Cc2 C3 dél) ng) dgl) d(()o)

co C1 C2 Cc3 ng) d(21) d(lo) dél)

co C1 C2 Cc3 dgl) déo) dgl) d(()o)

Co C1 C2 C3 ng) d;l) d(lo) d(()l)

co c1 c2 c3 ag a$”  diP af?

To,3 *1,3 T2,3 3,3 b3 b3 b3 b3 b3 b3 20,3 21,3 22,3 23,3

To,2 Ti,2 T22 32 b2 b2 b2 b2 b2 b2 b2 20,2 21,2 22,2 2372
To,1 *1,1 T2,1 T3,1 b by by by b1 b1 b1 by z0,1 21,1 %2,1 23,1
To,0 *1,0 T2,0 3,0 bo bo bo bo bo bo bo bo bo 20,0 21,0 %22,0 23,0

Fig. 6. A visualisation of contry for d = 16.

Q= Z?;z_i s;; forie{0,...,3},

Bj = Zf:_f_j s;; for je{0,...,3},
’}/](CO) = Zl;g2_4_k)/2j $26,d—20—k for k € {O, ey 3},

’Y]gl) = Zé(:inSik)/H 82€+1,d—(2€+1)—k for k € {0, ey 3}

Let s1,...,8x € H\ {—1}. Then s; + ... + s, always consists of a single element,
namely the element max(si,...,sx). So the weakly valid assumption ensures that the
hyperfield sums in this definition evaluate to a single element of H. Note that when
s € HV¢ is (weakly) valid, then contry(s) is (weakly) valid as well.

Let the coordinates Z‘id',yi,j,Zi,j7bj,Ci,d](€0),d](€l) be dual to 5i7j,7"7;,j,ti7j,Oéi,ﬂj,’YiO)’
7](61). This allows us to view {¢ | ¢ € ®1}, {6 | ¢ € By} and {¢°I | ¢ € Dy} as sets

of equations on H=. See Fig. 6 for a visualisation of contrg.
Definition 6.18. Let § € H=. We define the positive support of 0 to be the set supp™ ()
of symbols xm,ym,zm,bj,ci,d,(co),d,(:) with 4,7,k € {0,...,3} such that the symbol

evaluated at 6 equals 1.

Example 6.19. Let
0= ((5: )% 0 (i) o (b )% s (@) (B (VY3 (V)3 ) € HE
(31,])17]20’ (T17J)z,]:07 ( 1,])1,]:07 (al)z:m (/8])]:0’ (’Yk: )k:O’ (rYk )k:O €

be defined by sg o = —1, sg3 = s1,1 = S3,0 = (()0) = ’yél) = 1 and by setting all other
entries to 0. Then 6 is valid and supp™(6) = {zo,3, 21,1, %30, d(()o), d(()l)}.

For the next proposition we use the following notation:
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(a) Denote by Ty the set of valid s € H"¢ of degree d such that sign(¢)(s) = H for all
ped.

(b) Denote by I'®V*" the set of valid § € H= such that qgc""“(ﬁ) = H for all ¢ € ®.

(¢) Denote by T the set of valid 6 € H= such that ¢°44(6) = H for all ¢ € ®.

Here we set (/é\o"cn = (E"dd = ;é\ for all ¢ € ®,. For fixed d, we view contry as a map from
the space of weakly valid outcomes in H" to H=.

Proposition 6.20. Assume that d > 12. Then

L — contr 1 (T®V°™)  when d is even,
¢ contr, /(T°4)  when d is odd.

In particular, we have contrg(sign(w)) € T UT° for all valid outcomes w € Z"°.
Proof. For d even, Lemmas 6.12 and 6.14 imply (Ze"en(contrd(s)) = sign(¢)(s) for all
s € H and ¢ € ®. Thus s € Ty is equivalent to contrg(s) € T'eve" for all s € HVa,

The same reasoning applies when d is odd, which proves the first statement. The second
statement follows because sign(w) € I'y by Proposition 6.10. O

6.6. Valid outcomes of positive support 4

We now finally classify the valid outcomes w € 7Y% whose positive support has size
4.

Theorem 6.21. Let w € ZY* be a valid outcome and suppose that # supp™ (w) = 4. Then
deg(w) < 5.

Let Qg4 be the set of valid s = (s;,;)(i,j)ev, € H"* of degree d such that # supp™(s) = 4
and

sign(yi)(s) = sign(¥y)(s) = sign(pa,)(s) = H
for all k € {0,...,d} and (a,b) € V4 of degree d. We start with the following lemma.
Lemma 6.22. Let s € HV¢ be valid of degree d such that # supp™(s) < 4.
(a) If d = 6, then s € Qq if and only if supp™ (s) is one of the following sets:

{(0,3),(1,5),(4,1),(6,0)},{(0,5), (1,1),(3,3), (6,0)}, {(0,6), (1,1), (3,3), (5,0)},
{(0,6),(1,1),(3,3),(6,0)},{(0,6), (1,4), (3,0), (5, 1) }-
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d— {0

d’

d d— Lo d

Fig. 7. Illustration of the Hexagon Criterion. If w is an outcome whose support is contained in the highlighted
area, then its restriction w’ to the bottom-left highlighted triangle is also an outcome. If in addition w is
valid, then supp(w) is entirely contained in the bottom-left highlighted triangle.

(b) If d =17, then s € Qq if and only if supp™(s) is one of the following sets:

{(07 7)7 (]‘7 ]')7 (3’ 3)7 (770)}7 {(0’ 7)7 (173)7 (57 1)7 (77 0)}7 {(07 7)7 (]‘7 5)’ (37 1)7 (77 0)}'

(c) Ifd € {8,...,11}, then s & Qq.
(d) If d > 12, then s € T'y.

Proof. Parts (a)-(c) are verified by computer. For (d), we verify by computer that T'eve"
and I'°94 do not contain any vertices whose positive support has size < 4. This is possible
since the sets H= and ® are finite. Thus by Proposition 6.20 we have s ¢ I'y. O

Proof of Theorem 6.21. Let w € Z" be a valid outcome and suppose that # supp™ (w) =
4. We may assume that deg(w) = d. Suppose that deg(w) > 6. Take s := sign(w). Then
s € Qq C T'y. By Lemma 6.22, deg(s) € {6,7} and there are only 8 possibilities for
supp ™ (w). In every case, it is easy to verify that no valid w with such a positive support
exist using the Invertibility Criterion. Hence deg(w) < 5. O

7. Valid outcomes of positive support 5

In this section we prove Conjecture 1.9 for valid outcomes whose positive support
has size 5. To do this we introduce our third tool, the Hexagon Criterion, illustrated in
Fig. 7.

7.1. The hexagon criterion

Let £1,05 > d’ > 1 be integers such that d’ + {1 +fo < d. Let w = (w; 5) i j)ev, € VAL
be a chip configuration and write w’ = (w; ;) (i j)ev, € VACS

Proposition 7.1 (Hezagon Criterion). Suppose that

supp(w) CVyp U{(4,j) € Valj>d -} U{(i,5) € Va|i>d—la}
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holds. Then the following statements hold:

(a) If w' is not an outcome, then w is not an outcome.
(b) If w is a valid outcome, then deg(w) < d'.

Proof. (a) We suppose that w is an outcome and prove w’ is also an outcome. For
ke {0,...,d'}, let § be the linear form obtained from g, 41 a—¢, —i by setting z; ; to 0
for all (i,7) € Vg with deg(i, j) > d’. Then @y, ..., ps are Pascal equations on ZVe' and
we have

Or(w') = Qo+ k,d—t, —k(w) = 0

for all k € {0,...,d}. We next prove that these equations are linearly independent. For
a€{0,...,d'} define el = (6@(‘,(;))(1',1')6‘/(1/ € 7V by

(a)._ ) 1 when (1,7) = (a,d" — a),
“I 0 otherwise

and consider the matrix

v d—d \\"* (d=d — )+ )\
A= (3.(el® = = ’
(@k(e ))k,a:O ((61 + k- a))k,a—O (( bh+k—a >)k,a—0

If A is invertible, then @g,..., P4 must be linearly independent. Note that we have
0</tli+k—a<d—d,soall entries of A are nonzero. Also note that d—d' —¥¢; > £5 > 0.
Applying Theorem 8 in the note [9] with a :=d —d' — ¢1,b:= {1 and ¢ := d’' + 1 yields

_ H(t)H(d—d —0)H(d +1)H(d+1)
 H(d—d)H(d +¢, +1)H(d— ¢, +1)

det(A) #0,
where H(n) = 1!12!---n!l. So A is invertible and @y, . .., P4 are d’+1 linearly independent
Pascal equations on Z" . These equations must be a basis of the space of all Pascal
equations on Z"4 . Since $o(w') = ... = Pg(w') = 0, it follows that w’ is an outcome.
(b) Suppose that w is a valid outcome. Then w’ must also be an outcome by part (a).
Extend w’ to an element w” € Z"* by setting wy; = wj ; for (i,7) € Vo and wj; = 0 for
(1,7) € V4 with deg(i,j) > d’. Then w” is again an outcome. Now we see that w — w” is
an outcome with an empty negative support. So w —w” must be the initial configuration
by Lemma 3.19. Hence w = w” has degree < d'. O

7.2. Valid outcomes of positive support b

In this subsection we use the techniques developed in the previous sections, plus the
Hexagon Criterion, to prove that a valid outcome w with positive support 5 has degree
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< 7. We completed the computer-checked steps of the proof using the code published at
https://mathrepo.mis.mpg.de/ChipsplittingModels/.

Our strategy for this proof is to use the contraction map to reduce to finitely many
cases, as we did in Section 6. We have # supp™ (w) < 5, therefore supp™ (contry(sign(w)))
also has size < 5. Recall that for d large enough, I'*V*® and I'°dd do not contain any
elements with a positive support of size < 4 (Lemma 6.22). Therefore, contrg(sign(w)) €
revenyredd must in fact have a positive support of size exactly 5. We verify by computer

]_'\odd

that I'°V°" contains 1283 elements whose positive support has size 5 and contains

1265 such elements. Our strategy is to split into 1283 + 1265 cases, and in each case
assume that contrg(sign(w)) is some fixed element of I'*V*™ U T'°d4, If we can show that
none of these cases can occur we are done.

Before doing this, we make one simplification: write

= :=1{0,1,2,3}*1{0,1,2,3}* 1 {0,1,2,3}* U {0,1,2,3} LU {0,1,2,3} U {0,1,2,3}
and
X<S7 T7 t? a’ ﬁ7 ’Y(O)’ ’y(l)) = (S? T? t’ a7 /87 ’Y(O) + ’y(l))
for all weakly valid (s, r,t, , 3,7(?), (1)) € HZ, where the addition of ¥(?), v(1) is defined
componentwise. The composition contr!, := x o contry can be visualized is the same way

as contry. We again get Fig. 6, but now d,(CO) and d,gl) are replaced by dy.
Let A C H= be the set of elements x(0) with 8 € Tevem U I'eve™ of positive support 5.

Definition 7.2. Let 8/ € HE . We define the positive support of 0 to be the set supp™ 9
of symbols x; ;, yi j, 2i,j, Ci, bj, di with 4, j, k € {0,...,3} such that the symbol evaluated
at 0" equals 1.

Clearly, the elements of A have a positive support of size < 5. It turns out that the
positive support actually has size 5 in all but one case.

Lemma 7.3. Let 0’ € A. Then ezactly one of the following holds:

a e element as a positive support of size 5.
The el 0" h f 5
(b) We have §' = x(0) where 0 € H= is valid with supp™ (0) = {x0 3,211,730, d(()o), d(()l)}.

Proof. This is verified by computer. 0O
The next lemma shows that case (b) of 7.3 cannot arise from a weakly valid outcome.

Lemma 7.4. Let d > 12. Then there is no weakly valid outcome w = (w; ;)¢ jyev, such
that

supp ™ (contrg(sign(w))) = {z0,3,%1,1, 23,0, d(()o), d(()l) }.
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Proof. Suppose that such an outcome w exists. Then we have

supp(w) = {(Ov 0), (0,3), (1, 1)’ (370)v (i7 d—1),(j,d - .7)}

for some i, j € {4,...,d} with i even and j odd. Let u = (u; ;)¢ j)ev, be the outcome
with

supp(u) = {(07 0)7 (07 3), (17 1)7 (37 0)}

defined by wpo = —1, ugs = ug,o = 1 and w3 ; = 3. Take w’ = w + woou € ZV4. Note
that w' is an outcome. We have

{(iad* i)’ (]adij)} g supp(w') g {(073)’ (1a 1)7 (330)7 (ivdi i)7 (‘77d7])}

We see that w’ cannot be the initial configuration. On the other hand, the Invertibility
Criterion with A = (1,...,1) shows that w’ must be the initial configuration. This is a
contradiction. O

Next, we look more closely at the elements 8’ € A with positive support 5.

Lemma 7.5. Let 0/ € A with a positive support of size 5.

(a) The set supp™t(0') N {co,...,c3} has at most 1 element.
(b) The set supp™t(6') N {bo,...,bs} has at most 1 element.
(c) The set supp™(0') N {do,...,ds} has at most 1 element.

Proof. This is verified by computer. O

Next, given a valid outcome w € ZY¢ with d > 12, we extract information about its
support that will be useful for applying the Invertibility Criterion later. Specifically, we
define the map relcoord (“relative coordinates”) that turns an index i € {0,...,d} into
the placeholder M (“middle”) if 4 falls in the middle range between the first four and
last seven indices, thereby excluding Fig. 5’s Areas X and Z in the i-coordinate, and
Areas X and Y in the j-coordinate. Again, this has the effect of reducing sets of size
linearly growing with d to a single finite set. Likewise, the map relset (“relative support
set”) records the support of w in relative coordinates, i.e. using the symbol M whenever
these coordinates fall into the aforementioned middle range. All this makes it easier to
define partitions A for using the Invertibility Criterion as described in Subsection 5.2.

Let w € ZV* be a valid outcome with d > 12, let M be a new symbol, and define

relcoord: {0,...,d} —» {0,...,3,M,d—6,...,d}

i when i € {0,...,3},
i< M whenie{4,...,d—"T7},
i whenie{d—6,...,d}
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and

relset : 7 Va _>2{0,...,3,M,d—6,...,d}2

w — {(relcoord(s), relcoord(j)) | (4,7) € supp(w)
Lemma 7.6. Write contr/;(sign(w))) = (s,r,t, @, 8,7).

(a) Fori,j€{0,...,3}, if s;j # 0, then (i, ) € relset(w).

(b) Fori,j€{0,...,3}, if rij #0, then (i,d — 3+ j — 1) € relset(w).

(¢) Fori,je{0,...,3}, if ti; #0, then (d —3+1i— j,j) € relset(w).

(d) Forie€{0,...,3}, if a; # 0, then relset(w)N{(i, M), (i,d—6),...,(i,d—4—i)} #0
(e) Forje{0,...,3},if B; #0, thenrelset(w)N{(M, j), (d—6,7),...,(d—4—3,7)} # 0.
(f) For k€ {0,...,3}, if v # 0, then

relset(w)N{(M,d—4—k),...,(M,d—6),(M,M),(d—6,M),...,(d—4—k, M)} # 0.
Proof. Follows from the definition of relset. 0O

We can use the Invertibility Criterion to prove that some subsets of {0,...,3, M,d —
6,...,d}? are not of the form relset(w) for an outcome w € Z'* with # relset(w) =

# supp(w).
Example 7.7. Let w € Z"* for d > 12. Suppose that # supp(w) = 7 and
relset(w) = {(0,0),(0,d), (1, 3), (M, 2),(M,d — 6),(d — 5, M), (d,0)}.
We claim that w cannot be an outcome. Indeed, we have
supp(w) = {(0,0), (0,d), (1,3), (i,2), (j,d = 6), (d = 5, k), (d, 0)}
for some 4, j, k € {4,...,d — 7}. We now partition supp(w) as follows:

(0,0),(0,d),(1,3)} U{(i,2),(j,d = 6)} U {(d — 5,k)} U{(d, 0)}
(0,0),(0,d), (1,3)} U{(2,2)} U{(j,d = 6)} U{(d = 5,k)} U{(d, 0)}.
When i = j, we can apply the Invertibility Criterion with the first partition to see that

no outcome with support supp(w) exists. When i # j, we can apply the Invertibility
Criterion with the second partition to get the same result. Hence w is not an outcome.

The proof of our desired result will end by verifying by hand the following special
case.
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Lemma 7.8. There is no weakly valid outcome w € ZVe such that
supp ™ (contr’;(sign(w))) = {20,0, 0,3, 23,0, €1,b1,d1 }.
Proof. Assume that such a w exists. The support of w is then of the form
S =1{(0,0), (d,0),(0,d), (i,1),(1,4), (k,d—1—k)}.
Write d = 2e + 1. When j # e, we see that S cannot be the support of an outcome

using the Invertibility Criterion. Using symmetry, we similarly find that S cannot be the
support of an outcome when i # e or k # e. This leaves the case where

S =4{(0,0),(d,0),(0,d), (e,1),(1,e), (e, e) }.

Now we take E ={0,1,3,e,d — 1,d}. Then

—~

OO DN = O

d
AEE)S =

s

»—\Q,Cm:ggy—l
OO O OO
DO O O
O, O OO
S—
OO O OO

has determinant (2e 4+ 1)(e + 1)e/6 # 0 and is hence invertible. So S is not the support
of an outcome in this case. O

We are now ready to prove our main result for the section.

Theorem 7.9. Let w € ZY be a valid outcome and suppose that # supp™ (w) = 5. Then
deg(w) < 7.

Proof. Let w € Z" be a valid outcome and suppose that # supp™(w) = 5. We may
assume that deg(w) = d. To start, we verify by computer that d € {8,...,41} using the
Hyperfield Criterion followed by the Invertibility Criterion. Now assume that d > 42.
Let 6" := contr)(sign(w)). By Lemmas 7.3 and 7.4, 8’ has positive support of size 5.
By starting with the finite set T°V°™ U T°dd and applying our simplification , we verify
by computer that we have 2289 possibilities for §’. We will exclude each one of these.
We start by using the Invertibility Criterion directly on subsets of {0,...,3, M,d —
6,...,d}?. We use the technique of partitioning the set {0,...,d} into smaller subsets
as detailed in Subsection 5.2 and shown in Example 7.7, together with Proposition 5.7
which says that the pairing matrix of certain small subsets is invertible. The symbol M
acts as a placeholder for the middle range of indices. We make the following observations.
(a) By Lemma 7.5, we have at most two elements of the form (M, e). These elements
originate from vertices (i,e) € V; with 4 < i < d — 7. Assume that we have two such
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vertices (i, ) and (¢, e). Then we have to apply the Invertibility Criterion in a different
way depending on whether i,4’ are equal or not. In the first case, (i,e) and (i, ®) have to
lie in a common size-two subset of the partition. This is because # supp(w) = 5, so that
any given subset of the partition is either contained in the set of i-coordinates represented
by M or it is disjoint from it. In the second case (i,e) and (i’,e) are separated into
two size-one subsets. Since the pairing matrix associated to a size-one subset is always
invertible, the partition for the second case works if the corresponding partition for the
first case does. Therefore, we may assume that ¢ = /. A similar statement holds for the
at most two elements of the form (e, M), again by Lemma 7.5.

(b) Assume that we have elements (i,z), (¢,y), (i',2) € Vg with ¢ < ¢ and = < y.
Then we can apply the Invertibility Criterion as long as the condition x +y # 2z + 1
is met. In some cases, we can conclude that this condition holds even if we only know
relcoord(z), relcoord(y), relcoord(z). For example, when relcoord(z) < 3,relcoord(y) >
d — 6,relcoord(z) # M, then x + y # 2z + 1 since we assume that d > 40.

Given that contr/;(sign(w)) = ¢’, using Lemma 7.6 we can now write down a finite
list of possibilities for relset(w). For each possibility, we attempt to show that w cannot
exist using the Invertibility Criterion. When this is successful for all possibilities, we can
discard the case contr/;(sign(w)) = #’. In this way, we can reduce the number of possible
cases to 1107. Next, we use symmetry to further reduce the number of cases. We have
an action of S3 on Z" given by

(12) * (wij) i gyeve = (Wi0) i, )eva
(13) * (wi ;) (i jeva) = (Wa—deg(ig).4) (1.d)eva
which naturally descends to HY* and H Z'. On the latter set it is given by
(12) = (s,mt, a0, B,7) = ((Sj,i)?,jzo’ (tj,i)?,j=07 (iji)g),j:O? B,a, 7) )
(13) # (5,7, 8,0, B,7) := ((t3—i )3 jmos (P3—5.3-4)3 j—o» (83-0.5)7 j=0> @, 7, )
for all (s,r,t,a, B,7) € HE'. This action satisfies
o * contr}(sign(w)) = contr’; (o * sign(w)) = contr)(sign(o * w))

for all weakly valid outcomes w € Z"* and ¢ € S3. While o % w is not an necessarily an
outcome (although it is a weakly valid configuration), its support is also the support of
an outcome, namely o -w, using the group action from Subsection 3.3. Therefore, proving
with the Invertibility Criterion that there is no outcome with that support suffices to
exclude the case contr/(sign(w)) = #’. Doing this whenever possible allows us to reduce
the number of possible cases further to 349.

Our last step is to apply the Hexagon Criterion to these 349 cases. First, assume that

suppt (6')N{co,.--,c3,b0,-.-,b3,dg,...,dz} =10 (3)



A. Bik, O. Marigliano / Advances in Applied Mathematics 170 (2025) 102928 53

holds. Then we can apply the Hexagon Criterion with d’ = 6 and ¢; = ¢, = 7 since
d > 20. We find that 20 < d = deg(w) < d’ = 6. This is a contradiction and so each of
the 325 cases satisfying (3) are not possible. This reduces the number of possible cases
to 24.

Next, we assume that

#Supp+(9/) N {007cl7b07b1ad07d1} =1and
#supp ™ (0') N {ca, 3, by, by, da, d3} = 0. (4)

This means that
supp(w) \ {(a,b)} C Vs U{(4,5) € Va|j>d—-TU{(i,j) € Vali>d—T}

for some (a,€) € V; with a <1, e <1 or deg(a,e) > d — 1. Indeed, when ¢; € supp™ (¢’)
we get such an (a,e) with a = 4, when b; € supp™*(0’) we get such an (a,e) with b = j
and when dj, € supp™ (') we get such an (a, e) with deg(a,e) = d — k. Now, at least one
of the following holds:

(a) We have deg(a,e) < |d/3].
(b) We have a > |d/3].
(¢c) We have e > |d/3].

When a < 1 and deg(a,e) > |d/3], we see that e > |d/3]. When e < 1 and deg(a,e) >
|d/3], we see that a > |d/3]. When deg(a, e) > d—1, then either a > |d/3] or e > |d/3].
So indeed, one of these statements has to hold.

When (a) holds, then we can apply the Hexagon Criterion with d’ = ¢y = {5 = |d/3] >
7 since d > 21. When (b) holds, then we use d’ = 6, ¢; = 7 and ¢, = d+1—|d/3] instead.
We can do this since d > 42. When (c) holds, then we use d' =6, {; =d+1— |d/3] and
03 = 7 instead. In each case, we find that d = deg(w) < d’ < d. This is a contradiction.
Hence each of the 23 cases satisfying (4) are not possible.

This leaves one single case remaining where

supp® (0') = {z0,0, 0,3, 73,0, c1, b1, d1 }.

That case cannot occur by Lemma 7.8. This finishes the proof. O
8. Examples and discussion

In this paper, a theorem about the classification of discrete statistical models (Theo-
rem 2.11) has motivated a combinatorial puzzle about chipsplitting games (Section 3):
can the degree of a valid chipsplitting outcome grow indefinitely while the size of its
support remains fixed? Theorem 1.9 answers this in the negative for certain support
sizes. The theorem suggests a natural generalization.



54 A. Bik, O. Marigliano / Advances in Applied Mathematics 170 (2025) 102928

Fig. 8. Support of the valid outcome defined in Corollary 8.3 for k = 3.

Conjecture 8.1. Let w be a valid outcome with a positive support of size n+ 1. Then
deg(w) < 2n — 1.

In fact, we could have the right-hand side of the above inequality be any function
of n and still be satisfied with the fact that the degree is bounded, as this would still
guarantee a finite number of fundamental models in A,. However, we know that the
term 2n — 1 is attained for infinitely many d.

Lemma 8.2. Let k > 0 be an integer. Then

k

2k +1 (k41 ) )
t2/€+1 tk}—l 1 ¢t 2i+1 — 1
N ; 241\ 2 =9

Proof. Let S(k) denote the above sum and let F'(k,4) be its i-th summand. We find the
recurrence

t?F(k—1,3) — (1 = t)>F(k,i — 1) — 2tF(k,i) + F(k+1,i) =0
following Sister Celine’s method [12]. We sum over all integers ¢ to obtain
t2S(k —1) — (1 +t*)S(k) + S(k+1) = 0.

Using this identity, it is easy to prove by induction on k that S(k) = 1 — t2*+1 as
required. O

Corollary 8.3. Let k > 0 be an integer and let w € Z? be the chip configuration be defined
by

_ 1 C2%k+1(k+i
Wo,0 = y  W2k41,0 = 1, Wg—42i+1 = 2%+ 1 92

forie€{0,1,...,k} and w; ; = 0 otherwise (Fig. 8). Then w is a valid outcome.
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Table 1
Number of fundamental outcomes of degree d with
#suppt (w) =n + 1.

n\d 1 2 3 4 5 6 7 8 9
1 1

2 3 1

3 12 4 2

4 82 38 10 4

5 602 254 88 24 2

We conclude this paper with a discussion of computational results. Fixing a degree d,
there are only finitely many fundamental outcomes of degree < d. It would be desirable
to explicitly determine all of these and check that d < 2n — 1 holds for every computed
outcome w with supp*(w) =: n + 1. In principle one could check every possible subset
S C{(,j4) | i+ 7 < d} for fundamental outcomes of support S, but this is computation-
ally untractable. We were nevertheless able to carry out this computation for d < 9 and
positive support size < 6 using an optimization. The computer code for this is presented
at https://mathrepo.mis.mpg.de/ChipsplittingModels along with a proof of its correct-
ness. Table 1 shows an overview of our results. Thus, by the results of Sections 5- 7,
we now know that there are exactly 1,4, 18,134 fundamental models in Ay, Ay, As, Ay,
respectively. We confirm that d < 2n — 1 holds for every computed outcome. We also see
that n < d for all fundamental models, as shown in Proposition 4.8.

Our computations show that for n = 1,2,3,4,5 there are 1,1,2,4,2 fundamental
outcomes w with #suppt(w) = n + 1 and deg(w) = 2n — 1, respectively. Taking into
account that if w is a fundamental outcome then so is (12) - w, most of these examples
were already constructed in Corollary 8.3. The exceptions are the following two degree-7
fundamental outcomes.

References

[1] Carlos Améndola, Rodica Andreea Dinu, Mateusz Michalek, Martin Vodic¢ka, On the maximum
likelihood degree for Gaussian graphical models, arXiv:2410.07007, 2024.

[2] Carlos Améndola, Lukas Gustafsson, Kathlén Kohn, Orlando Marigliano, Anna Seigal, Differential
equations for Gaussian statistical models with rational maximum likelihood estimator, SIAM J.
Appl. Algebra Geom. 8 (3) (2024) 465-492.

[3] Carlos Améndola, Kathlén Kohn, Philipp Reichenbach, Anna Seigal, Toric invariant theory for
maximum likelihood estimation in log-linear models, Algebr. Statist. 12 (2) (2021) 187-211.

[4] Carlos Améndola, Dimitra Kosta, Kaie Kubjas, Maximum likelihood estimation of toric Fano vari-
eties, Algebr. Statist. 11 (1) (2020) 5-30.

[5] Matt Baker, Nathan Bowler, Matroids over hyperfields, BAIP Conf. Proc. 1978 (2018) 340010.


https://mathrepo.mis.mpg.de/ChipsplittingModels
http://refhub.elsevier.com/S0196-8858(25)00090-9/bibFB8C7C4E2E58658292FC4E30EF3816B7s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bibFB8C7C4E2E58658292FC4E30EF3816B7s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib75BA6FED6CA080D5D6A503E1A67B7A52s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib75BA6FED6CA080D5D6A503E1A67B7A52s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib75BA6FED6CA080D5D6A503E1A67B7A52s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib6928590C3BF6B5C19CF6593FAF5ECE4Fs1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib6928590C3BF6B5C19CF6593FAF5ECE4Fs1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib3DEA3E677C9B04232EB3DD89A2EE11B2s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib3DEA3E677C9B04232EB3DD89A2EE11B2s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib9D3D9048DB16A7EEE539E93E3618CBE7s1

56 A. Bik, O. Marigliano / Advances in Applied Mathematics 170 (2025) 102928

[6] Jane Ivy Coons, Seth Sullivant, Quasi-independence models with rational maximum likelihood es-
timator, J. Symb. Comput. 104 (2021) 917-941.
[7] Mathias Drton, Alexandros Grosdos, Andrew McCormack, Rational maximum likelihood estimators
of Kronecker covariance matrices, Algebr. Statist. 15 (1) (2024) 145-164.
[8] Eliana Duarte, Orlando Marigliano, Bernd Sturmfels, Discrete statistical models with rational max-
imum likelihood estimator, Bernoulli 27 (1) (2021) 135-154.
[9] Darij Grinberg, A hyperfactorial  divisibility, = http://www.cip.ifi.lmu.de/~grinberg/
hyperfactorial BRIEF.pdf, 2015. Retrieved 23 March, 2022.
[10] June Huh, Varieties with maximum likelihood degree one, J. Algebr. Statist. 5 (2014) 1-17.
[11] Caroline J. Klivans, The Mathematics of Chip-Firing, CRC Press, 2019.
[12] Sister Mary, Celine Fasenmyer, Some generalized hypergeometric polynomials, PhD thesis, Univer-
sity of Michigan, 1945.
[13] Bernd Sturmfels, Caroline Uhler, Multivariate Gaussians, semidefinite matrix completion, and con-
vex algebraic geometry, Ann. Inst. Stat. Math. 62 (2010) 603-638.
[14] The Sage Developers, SageMath, the Sage Mathematics Software System, https://sagemath.org,
2021 (v. 9.2).


http://refhub.elsevier.com/S0196-8858(25)00090-9/bibB68A1F8353F9A9373FE639B13EF2B969s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bibB68A1F8353F9A9373FE639B13EF2B969s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib480D5211EF963D762F0E5B276E93DB15s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib480D5211EF963D762F0E5B276E93DB15s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bibF487FD6B97316473D34EBD8495C805D7s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bibF487FD6B97316473D34EBD8495C805D7s1
http://www.cip.ifi.lmu.de/~grinberg/hyperfactorialBRIEF.pdf
http://www.cip.ifi.lmu.de/~grinberg/hyperfactorialBRIEF.pdf
http://refhub.elsevier.com/S0196-8858(25)00090-9/bib1F9D2F53E5A3EE5DDF921DC337B19451s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bibC3B2996BBEA36B23DA188ADB3F5ED16Bs1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bibDBA7B8A81DC064A62919DF57E69D0054s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bibDBA7B8A81DC064A62919DF57E69D0054s1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bibCD24D04B983A71E1B0278DB1FA69CDDFs1
http://refhub.elsevier.com/S0196-8858(25)00090-9/bibCD24D04B983A71E1B0278DB1FA69CDDFs1
https://sagemath.org

	Classifying one-dimensional discrete models with maximum likelihood degree one
	1 Introduction
	Outline
	Code
	Acknowledgments

	Preliminaries
	2 Fundamental models
	3 Chipsplitting games
	3.1 Symmetry
	3.2 Pascal equations
	3.3 Additional structure for d<∞
	3.4 Valid outcomes

	4 From reduced R1d models to valid outcomes and back
	5 Valid outcomes of positive support ≤3
	5.1 The invertibility criterion
	5.2 Dividing the pairing matrix into smaller parts
	5.3 Analyzing the invertibility of the smaller pairing matrices
	5.4 Valid outcomes of positive support ≤3

	6 Valid outcomes of positive support 4
	6.1 Polynomials over hyperfields
	6.2 The sign hyperfield
	6.3 The hyperfield criterion
	6.4 Pascal equations
	6.5 Contractions of hyperfield solutions
	6.6 Valid outcomes of positive support 4

	7 Valid outcomes of positive support 5
	7.1 The hexagon criterion
	7.2 Valid outcomes of positive support 5

	8 Examples and discussion
	References


